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Abstract

We study sequential votes on proposals in two-period environments.
If the first proposal is rejected, a second proposal is made; if both pro-
posals are rejected, the status quo prevails. We use a 2x2 design that
distinguishes the environments. Voters can be näıve or sophisticated;
the electorate in the second period can be the same as in the first
period or different. A risk-neutral agenda Setter has incomplete in-
formation about Voter preferences. Voters have quadratic loss. We
identify environments with policy adjustment (different proposals in
the two periods) and environments with no policy adjustment (identi-
cal proposals in the two periods). We identify environments where the
Setter learns from a rejection and uses the information to tailor the
second period proposal. Importantly, sophistication often limits, or en-
tirely obviates, the Setter’s ability to exploit the opportunity to make
two proposals. Results complement the work of Romer and Rosenthal
(1979) on näıve Voters.
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1 Introduction

Political decisions often are made when an agenda Setter proposes a policy
that is subject to an up or down vote. If an initial proposal is rejected, the
Setter may get one or more additional tries to gain acceptance. The later
proposals may or may not make a policy adjustment with respect to the
earlier ones. Prominent examples include the two votes in the US House
of Representatives on the Troubled Asset Relief Program during the 2008
financial crisis, multiple national referenda in Ireland and Denmark on EU
measures and the multiple votes on the May government’s Brexit plans in
the UK Parliament.

Here we present a stylized model of sequential agenda setting. We fo-
cus our attention on the setting in which proposals are one-dimensional, and
only two proposals can be made. If the first proposal is accepted, it becomes
policy; if it is rejected, a second proposal is made; if the second proposal
is accepted it becomes policy; if it is rejected, policy reverts to a status
quo outcome. The Setter (she) is risk-neutral and seeks to maximize the
policy outcome. Potential Voters (he) are characterized by quadratic loss
functions with differing ideal points. The distribution of ideal points of po-
tential Voters is common knowledge but the ideal point of actual Voter(s) is
known only to those Voter(s) themselves. Importantly, we analyze how the
distribution of ideal points affects policy. Our results obtain for a wide va-
riety of distributions, including as special cases the (restrictions of) familiar
distributions such as the Normal and Weibull.

We consider four environments in a 2x2 design. The environments are
distinguished by whether the Voters are näıve or sophisticated and whether
the electorate in the two periods is the same or different. (In the examples
cited above, the electorates were different in each of the national referenda
but the same in the votes on TARP and Brexit.)

In the second period, näıve and sophisticated Voters behave identically,
simply choosing optimally between the current proposal and the status quo.
In the first period, however, näıve and sophisticated Voters behave quite
differently. Näıve Voters treat the current proposal as if it were the only
proposal, so they optimize between the current proposal and the status quo.
(Ná’ivete of Voters may not be the result of any lack of rationality but rather
of an unawareness that a second proposal is possible.) Sophisticated Voters
are aware that if the first period proposal is rejected then a second proposal
will be made; consequently they optimize between the current proposal and
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their expectations of the second period proposal and outcome. If the elec-
torates are different in the two periods, then the Setter learns nothing if the
first period proposal is rejected – she already knows the true distribution
of Voter types. However, if the electorates are the same in the two periods,
then the Setter can learn something from a first period rejection and might
tailor her first period proposal to take advantage of what she would learn
from that rejection.

Our model is intended to provide some insight as to how the possibility to
make two proposals affects the Setter’s behavior and the expected outcome.
Among other things, we find:

• When Voters are näıve there is policy adjustment whether the elec-
torate is the same or different in the two periods:

– If the electorates are different in the two periods the Setter learns
nothing but benefits by having two chances to pass a proposal and
exploits this by always proposing more in the first period than in
the second period. (Theorem 1)

– If the electorates are the same in the two periods the Setter tai-
lors the first period proposal to exploit the opportunity to learn
from a rejection. However, the Setter does better – her expected
utility is higher – when the electorate is different in each period
than when the electorate is the same in each period because the
chance of drawing a favorable electorate is more important than
the opportunity to learn. In both settings the Setter does better
than when she is allowed only one proposal. (Theorem 2)

• When Voters are sophisticated:

– If the electorates are different in the two periods, the Setter can
try to tailor her first period proposal to exploit the risk aversion
of the Voters – but whether this will be possible depends on
the distribution of types. We identify a class of distributions –
including distributions that are favorable to the Setter – for which
the best the Setter can do is to make the same proposal (the one-
shot optimal proposal) in both periods; in that case, the Setter
still does better than if she could make only one proposal, because
she has two chances to pass the proposal. We also identify another
class of distributions – including ones that are highly unfavorable
to the Setter – in which the Setter can exploit the risk aversion of
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Voters by making a proposal that will be accepted by all Voters;
in some cases the Setter does even better than she would if Voters
were näıve. (Theorems 3, 4)

– If the electorates are the same in the two periods the Setter’s
optimal behavior depends both on the optimal one-shot proposal
and on the shape of the distribution. If the density is increasing –
which would seem favorable to the Setter – then the one-shot op-
timal proposal (weakly) exceeds the ideal points of all the Voters
– which is good for the Setter – but the opportunity to make two
proposals is worthless: the best the Setter can do is to make the
same proposal in both periods and the first period proposal will
always be rejected, so the Setter does no better than she could
with a single proposal. If the one-shot optimal proposal is less
than the ideal point of some Voters – in particular, if the density
is decreasing – which would seem less favorable to the Setter –
the Setter can exploit the opportunity to make two proposals by
making a first period proposal that is larger than the optimal one-
shot proposal and, in case of rejection, making a second period
proposal that is smaller than the optimal one-shot proposal; the
Setter does better than she could with a single proposal. (Theo-
rems 5, 6, 7, 8)

Our model of sequential agenda setting builds on Romer and Rosenthal
(1979). Their theoretical work was motivated by multiple attempts of Ore-
gon school districts to pass school budget referenda. The basic Romer and
Rosenthal (1978) model, motivated by Niskanen (1971), considered the case
where the Setter got only one shot at the Voters. The Setter was risk neutral
and had complete information about Voter preferences. The model extended
directly to non-budgetary legislative settings where an agenda Setter has ex-
treme preferences relative to those of the Voter (Denzau and Mackay (1983),
Krehbiel (1996, 1998). Banks (1990) treated a case where the incomplete in-
formation occurred on the Voter side; Banks (1993) treated an environment
in which the Setter can only make one proposal but allowed for Setter uncer-
tainty about voter preferences. Sequential referenda with modified proposals
have been noted for municipal bond issues in Denver (Rugh and Trounstine,
2011) and Oregon school district budget referenda (Romer, Rosenthal, and
Ladha, 1984).

The Romer-Rosenthal model has been extended to a dynamic setting
and applied to the analysis of economic reform by Dewatripont and Roland
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(1996). Ingberman (1985) examines dynamic agenda setting with complete
information and nave voters. The status quo is endogenous as it equals the
policy adopted in the previous period. As in our paper, voters can sometimes
be better off if they are näıve rather than sophisticated (Rosenthal, 1990).
In his paper and the others discussed previously, the agenda setter is, as
in our model, persistent – in contrast to the seminal Baron and Ferejohn
(1989) model where the agenda setter can be randomly selected. Baron and
Ferejohn type divide-the-dollar games with persistent agenda setters have
been studied by Dahl and Glazer (2015) and Diermeier and Fong (2011,
2012). Romer and Rosenthal (1979) further studied how proposals reflected
uncertainty about the preferences of Voters when turnout is random. They
studied the Setter’s gain from being able to make additional proposals were
the initial proposal rejected. Their model is similar to our model in the case
of näıve Voters and a different electorate each period. The hard problem of
sophisticated voting has been left on the table for four decades.

The paper closest to ours is Chen (2017). He treats only the most dif-
ficult environment in our 2x2 design: sophisticated Voters with a repeated
electorate. He goes beyond our analysis in that he considers electorates
with more than one Voter; however we find his analysis problematic; we
defer details until the Conclusion.

To address this problem, we model the Setter as interacting with a single
random Voter on each proposal. We view this model as a tractable proxy
for a more realistic model in which the Setter interacts with multiple Voters
on each proposal. To see why, think first about the one-shot setting. If
the Setter is interacting with a random sample of Voters and the result is
determined by simple majority, the result will be determined by the choice
made by the median voter from the sample. Hence the Setter should make
the proposal that is optimal against the distribution of the sample median. In
the two period setting with different electorates in the two periods (e.g. the
EU referenda, or many of the other situations that that have been studied,
such as Oregon school budget referenda (Hansen, Palfrey, and Rosenthal,
1987 and Texas liquor referenda (Coate, Conlin, and Moro, 2008)), the same
reasoning applies in the second (last) period and similar reasoning applies
in the first period: Näıve Voters would behave as if the first proposal were
the only proposal, while sophisticated Voters would take into account that
a second proposal would be made if the current proposal fails, but would
understand that the outcome in the second period will be decided by the
median voter from the second period sample. In the two period setting with
the same electorate in both periods, the Setter is not interacting with a
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random sample of Voters but it seems reasonable to view the uncertainty
as being about the true distribution of the median Voter. In this setting,
the Setter’s behavior is governed by this distribution – and it is optimal for
each Voter to behave in each period as if he were the median Voter in each
period.

Our work may be reminiscent of the literature on job search (e.g. Lip-
mann and McCall, 1976), on bargaining with one-sided offers (e.g. Fuden-
berg, Levine and Tirole, 1985) and on the Coase Conjecture (e.g. Gul,
Sonnenschein and Wilson, 1976) but in fact there is less similarity than it
might appear. In the case of job search, it is the jobs that bring the of-
fers and the searcher who must decide among them, which is the reverse of
our setting. In the case of bargaining and the Coase Conjecture, the cen-
tral assumption is that the preferences of the seller and the buyer(s) are in
direct opposition: the seller prefers higher prices, the buyer prefers lower
prices. In our setting, the preferences of the Setter and (some of) the Voters
are (partially) aligned; Voters with high ideal points prefer high proposals.
Moreover, in our setting, all the Voters – those who vote and those who
don’t – are affected by the decision, so in the first period a sophisticated
Voter will take into account how he will be affected second period outcome.

The paper proceeds as follows. Section 2 provides the formal setup of the
model. Section 3 sets the table by covering the case where just one proposal
is allowed. Section 4 treats the case of two proposals with näıve Voters;
Section 5 treats the case of two proposals with sophisticated Voters. Section
6 illustrates our results by presenting closed form solutions of the model and
figures for the special case where the distribution of types follows the power
distribution whose cumulative distribution function is F (t) = 2wtw . (The
factor 2w is the normalization required because Voter types are distributed
on the interval [0, 1/2] rather than on the interval [0, 1].) Section 7 concludes.
All proofs are relegated to the Appendix A; the details of one example are
in Appendix B.

2 Formalities

We consider the interaction between a single Setter and a continuum of
potential Voters. In each period, the Setter will make a proposal x, which
may be accepted or rejected. If the proposal is accepted, it becomes the
final outcome; if it is rejected, the Setter may have another opportunity to
make a proposal. If both proposals are rejected, the status quo outcome 0
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obtains.

The Setter’s utility for the final outcome x is u(x) = x, so the Setter is
risk neutral. Voters have quadratic loss utility functions and differ only in
their ideal points – their types t ∈ [0, 1/2]; u(x, t) = −(x− t)2. Neither the
Voter nor the Setter discount second-period outcomes. Voter types are dis-
tributed on [0, 1/2] according to some probability density function (pdf) f ,
with corresponding cumulative distribution function (cdf) F . Because Voter
types are distributed on [0, 1/2] we can restrict our attention to proposals
x ∈ [0, 1], because proposals x < 0 would leave the Setter worse off than
the status quo and proposals x > 0 would be rejected by all Voter types.
Throughout, we assume that

(a) f is twice continuously differentiable;

(b) f(t) > 0 for t ∈ (0, 1/2).

3 One Period

We begin by recording some facts about the Setter’s optimal behavior when
she is allowed to make only one proposal.

We consider the slightly more general problem in which the Setter be-
lieves she faces only Voters whose types lie in the interval [0, b] for some
b ∈ [0, 1/2]. (This is the problem the Setter will face in the second period
when the Setter updates following a rejection in the first period.) If the
Setter proposes x, a Voter will accept if he prefers x to the status quo 0 and
reject if he prefers the status quo. Thus, Voters with types in (x/2, b] will
accept and Voters with types in [0, x/2) will reject. (The Voter with type
x/2 will be indifferent but since we have assumed the cdf F is continuous,
each Voter type has probability zero so the choice of the indifferent type is
irrelevant.) Hence the probability that the proposal x will be accepted is
[F (b)− F (x/2)]/F (b) and the Setter’s expected utility will be

Ub(x) = x

[
F (b)− F (x/2)

F (b)

]
Note that the denominator of Ub(x) is independent of x so x maximizes
Ub(x) if and only if x maximizes the numerator x[F (b)−F (x/2)]. Hence we
can write the first order condition for optimality as

0 = [F (b)− F (x/2)]− (x/2)f(x/2) (FOC)
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Notice that the proposal x = 1 will be rejected with probability 1 and the
proposal x = 0 is no different from the status quo. Thus Ub(x) = Ub(1) = 0,
so the FOC is necessary for optimality – but of course it might not be
sufficient. If we re-write the FOC as

x/2 =
[F (b)− F (x/2)]

f(x/2)
=

[1− F (x/2)/F (b)]

f(x/2)/F (b)

we can see that the right-hand side is just the reciprocal of the hazard rate
(at x/2) for the distribution F (·)/F (b) on the interval [0, b]. In particular,
when b = 1/2 the right-hand side is the reciprocal of the hazard rate (at
x/2) for the original distribution F .

Write Z(b) for the set of proposals z that maximize the Setter’s expected
utility; i.e.

Z(b) = argmax

(
x

[
F (b)− F (x/2)

F (b)

])
In general, Z(b) will be a set and not a singleton; see Appendix B for a simple
example. Of course, if there are multiple optimal proposals in the one-shot
scenario, they all yield the same expected utility to the Setter, so the choice
among them will not matter to the Setter – but it will very much matter
to the Voter. Moreover, the Setter’s plan for the second period proposal
will affect the Voter’s behavior in response to the first period proposal, and
hence will affect the Setter’s first period proposal. Below we will identify
a condition on the distribution that guarantees that the FOC is necessary
and sufficient for optimality but for the moment we continue with the more
general setting.

Proposition 1 Z : [0, 1/2] → R is an upper-hemi-continuous correspon-
dence with non-empty, compact values and is strictly increasing in the strong
set order; i.e., if b < b′ ≤ 1/2, z ∈ Z(b) and z′ ∈ Z(b′) then z < z′.

We will frequently consider the special cases in which the density f is
increasing or decreasing on some portion of the interval (0, 1/2). In those
case, we will be able to say much more.

Proposition 2 Let b, c ∈ [0, 1/2] with b/2 ≥ c.

(a) if f is weakly decreasing on [c, 1/2) then Z(b) ⊂ [0, b];

(b) if f is weakly increasing on [c, 1/2) then Z(b) ⊂ [b, 1].
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3.1 The Median Voter Type

Because we have assumed that F is continuous and strictly increasing, there
is a unique µ ∈ [0, 1/2] for which F (µ) = 1 − F (µ) = 1/2; µ is the median
Voter type. In contrast with the usual voting literature, the median Voter
type does not play a central role (because the Setter cares about the size of
the proposal as well as the probability of passage), but it is worth noting
that if the Setter proposes 2µ then it will be accepted with probability 1/2 so
the Setter can always guarantee herself expected utility at least µ. (Contrast
this with (Romer and Rosenthal, 1978) in which there is no uncertainty and
Setter’s expected utility is 2µ.)

Proposition 3 If f is weakly increasing on [0, 1/2] then every optimal pro-
posal z is no greater than 2µ, the probability of acceptance of z is at least
1/2 and the Setter’s expected utility is at least 1/4. If f is weakly decreas-
ing on [0, 1/2] then every optimal proposal z is at least as great as 2µ, the
probability of acceptance of z is at most 1/2 and the Setter’s expected utility
is at most 1/4.

3.2 Slowly Decreasing Densities

As promised we now identify a condition on the density f that eliminates
the possible multiplicity of optimal one-shot proposals.

Definition We say that the density f is slowly decreasing on the interval
(0, c) ⊂ (0, 1/2) if [tf(t)]′ = f(t) + tf ′(t) > 0 for all t ∈ (0, c). (We exclude
t = 0, c because we have allowed for the possibility that f is either 0 or
undefined at those points.) Note that if f is weakly increasing on some
interval then a fortiori it is slowly decreasing on that interval, and that
if f is slowly decreasing on some interval it is slowly decreasing on every
subinterval. Note too that if f(t) + tf ′(t) > 0 and 0 ≤ s ≤ t then f(t) +
sf ′(t) > 0 as well.

It will be useful to distinguish between two regimes of slow decrease,
which for lack of a better term, we refer to as local and global. To define
the former, write

zmax = max{z : z ∈ Z(1/2)}
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Definition We say the density f is locally slowly decreasing if it is slowly
decreasing on the subinterval (0, zmax/2); we say f is globally slowly de-
creasing if it is slowly decreasing on the entire interval (0, 1/2).

Verifying that a density is globally slowly decreasing is straightforward
(although perhaps messy); verifying that a density is locally slowly decreas-
ing may be difficult because there may be no closed-form expression for
zmax. However a more familiar requirement – that the hazard rate be in-
creasing – is sufficient to guarantee that a given density is slowly decreasing.
(Distributions with increasing hazard rates have been used in previous lit-
erature on agenda setting by Banks (1993) and on electoral competition by
Ocasio-Ortin (1997).

Proposition 4 If the hazard rate f(t)/[1− F (t)] is weakly increasing then
f is locally slowly decreasing.

This proposition is useful because many familiar distributions (e.g. the
normal distribution) are known to have increasing hazard rates (IHR), and
all the order statistics of an IHR distribution are again IHR distributions;
see (Barlow and Prochnar 1975, page 108) for example. (We will discuss
the implications of the latter fact in the Conclusion.) A small problem
arises because many of these known distributions have unbounded support,
whereas we require our distributions to be supported on the interval [0, 1/2].
However the (normalized) restriction of an IHR distribution to any sub-
interval is again an IHR distribution. This is presumably a well-known fact,
but we have been unable to find a reference in the literature, so we give a
formal statement and proof.

Proposition 5 Let f be a smooth strictly positive density supported on
some interval [`, L], where −∞ ≤ ` < L ≤ +∞. For fixed m,M with
` ≤ m < M ≤ L let g be the normalized restriction of f to the interval
[m,M ]. If the hazard rate of f is weakly increasing on [`, L] then the hazard
rate of g is weakly increasing on [m,M ].

Table 1 shows some familiar densities that are locally or globally decreas-
ing and identifies those for which the hazard rate is increasing (IHR). (In
all cases, the constant C should be chosen so that the total mass on [0, 1/2]
is 1.) We note explicitly that increasing hazard rate implies locally slowly
decreasing but does not imply globally slowly decreasing and that globally
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Parameter Slowly
Density Restrictions IHR? Decreasing Name

Ctw−1 w ≥ 1 YES Globally Power

Ctw−1 0 < w < 1 NO Globally Power

C(A+ t)w−1 A > 0, w > 0 NO Globally Pareto

C(A+ t)−w−1 A ≥ w/2 > 0 NO Globally Pareto

Ce−βt 0 < β < 2 YES Globally Exponential

Ce−βt β > 0 YES Locally Exponential

Ce−(t−µ)
2/2σ2

σ > 0 YES Locally Normal

C
(
k
λ

) (
x
λ

)k−1
e−(x/λ)

k
λ > 0, k ≥ 1 YES Locally Weibull

Table 1: Slowly Decreasing Densities

slowly decreasing does not imply increasing hazard rate. Put differently: lo-
cally slowly decreasing is a weaker requirement than increasing hazard rate,
but globally slowly decreasing is not comparable to increasing hazard rate.

Because single-peaked densities arise frequently, it may be useful to note
the following simple observation as well:

Proposition 6 If f is single-peaked (unimodal) and attains its maximum
at c ≥ 1/4 then zmax/2 ≤ c and f is locally slowly decreasing.

Requiring that f be locally slowly decreasing will guarantee that optimal
one-shot proposals will be unique.

Proposition 7 If the density f is locally slowly decreasing then Z is a
single-valued, differentiably strictly increasing function on [0, 1/2].

Running Example It may be useful to keep a simple example in mind
throughout. Suppose that the distribution f is uniform: f(t) = 2 for each
t ∈ [0, 1/2], so that the cdf is F (t) = 2t. The optimal one-shot proposal
maximizes x[1 − F (x/2)] = x(1 − x) so the optimal one-shot proposal is
z̄ = Z(1/2) = 1/2, which is accepted with probability 1/2, so the Setter’s
expected utility is 1/4. Similarly, if we restrict to Voter types in [0, b] we
find that the optimal one-shot proposal is Z(b) = b, which is accepted with
probability 1/2, so the Setter’s expected utility is b/2. (Because the uni-
form distribution is both weakly increasing and weakly decreasing, this is
consistent with Propositions 2 and 3.)
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4 Two Periods: Näıve Voters

In this Section we consider the problem of the Setter who has two oppor-
tunities to pass a proposal and faces näıve Voters. We begin by addressing
the environment with two Voters – one drawn in each period (independently
and from the same distribution), and then turn to the environment with one
Voter (who votes in each period). We choose this order of exposition because
the former is simpler: since the Setter faces different Voters each period, the
Setter learns nothing from a first-period rejection; but if the Setter faces the
same Voter in each period then she can draw an inference about the Voter’s
type and use this inference to refine her second-period proposal. Our objec-
tive is to determine the Setter’s optimal behavior in each environment and
to compare both the Setter’s behavior and the Setter’s welfare.

4.1 Two Näıve Voters

As discussed, we begin by assuming that the Setter faces two näıve Voters.
Because Voters are näıve, in either period they will accept any proposal that
they prefer to the status quo. Hence, if the Setter proposes x in the first
period and y in the second period, the first period proposal of x will be
accepted with probability [1 − F (x/2)] and rejected with the complemen-
tary probability F (x/2), and conditional on the first period proposal being
rejected, the second period proposal of y will be accepted with probabil-
ity [1 − F (y/2)] and rejected with the complementary probability F (y/2).
Hence the Setter’s expected utility will be

V2(x, y) = x[1− F (x/2)] + F (x/2)y[1− F (y/2)]

(We use V here to distinguish from the one-shot utility U ; the subscript 2 is
a reminder that we are considering the setting with 2 Voters.) It is evident
that the Setter’s optimization problem in the second period is independent
of her action in the first period and that her optimization problem in the
first period depends only on her expected optimal second period utility and
not on the particular second period proposal she makes. This leads to the
following simple result.

Theorem 1 If the Setter faces two näıve Voters then all of the Setter’s
optimal first period proposals are strictly greater than all of her optimal
second period proposals. If in addition f is globally slowly decreasing then
there is a unique optimal pair of first and second period proposals.
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Running Example (continued) When f is the uniform distribution, we
have seen that the (unique) optimal one-shot proposal is z̄ = 1/2 and that it
is accepted with probability 1/2. When facing two näıve Voters, the Setter
should therefore choose the first period proposal x to maximize

V2(x, 1/2) = x[1−F (x/2)]+F (x/2)(1/2)(1/2) = x(1−x)+x/4 = 5x/4−x2

Hence the optimal first period proposal is x̄ = 5/8, which will be accepted
with probability 3/8 and the Setter’s optimal utility will be V̂2 = 25/64.

4.2 One Näıve Voter

We now turn to the environment in which the Setter faces the same näıve
Voter in both periods. Because the Voter is näıve, he will accept any first
period proposal that he prefers to the status quo. Hence if the Setter pro-
poses x in the first period and it is rejected the Setter can conclude that the
Voter’s type is in the interval [0, x/2], so it will be optimal for the Setter to
propose some z ∈ Z(x/2) in the second period. (Recall that Z(x/2) might
not be a singleton. However, all proposals in Z(x/2) yield the same expected
utility to the Setter and, because the Voter is näıve, in responding to the
first period proposal the Voter does not take the second period proposal
into account, so his decision is independent of the Setter’s choice of second
period proposals.) Hence the Setter’s problem is to choose the first period
proposal x to maximize

V1(x) = x[1− F (x/2)] + F (x/2)z[F (x/2)− F (z/2)]/F (x/2)

= x[1− F (x/2)] + z[F (x/2)− F (z/2)] (1)

(The subscript 1 is a reminder that we are considering the environment with
one Voter.) The second expression offers a convenient interpretation: ignor-
ing endpoints (which have probability 0), the Voter necessarily belongs to
one of three sub-intervals [0, z/2), (z/2, x/2), (x/2, 1/2]. If the Voter belongs
to the last sub-interval, he will accept a proposal of x; if he belongs to the
middle sub-interval he will reject x but accept z/2; if he belongs to first
third sub-interval he will reject both proposals – so the Setter’s problem
is to choose the optimal partition into sub-intervals. In this generality we
cannot say much about the Setter’s optimal behavior except that she prefers
to face two näıve Voters rather than one.

Theorem 2 For every distribution f , the Setter’s optimal expected utility
when facing two näıve Voters is strictly greater than her optimal expected
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utility when facing one näıve Voter:

max
x,y

V2(x, y) > max
x,y

V1(x, y)

When facing a single näıve Voter, the Setter learns valuable information
from a first period rejection but the value of this information is less than
the value of having a second independent draw of a Voter.

Running Example (continued) Let’s return to the uniform distribution.
Because the optimal one-shot proposal when Voter types are restricted to
the interval [0, b] is Z(b) = b, if the Setter proposes x in the first period and
it is rejected the Setter should propose Z(x/2) = x/2 in the second period.
Hence the Setter should choose the first period proposal x to maximize

V1(x) = x(1− x) + (x/2)(x− x/2) = x− 3x2/4

Hence the optimal first period proposal is x̂ = 2/3, which will be accepted
with probability 1/3, the optimal second period proposal is 1/3, which will
be accepted with probability 1/2 and the Setter’s optimal utility will be
V̂1 = (2/3)(1/3) + (1/3)(2/3 − 1/3) = 1/3. Note that 1/3 < 25/64 so the
Setter does worse when the Voter is not randomly drawn in both periods,
just as Theorem 2 asserts. Although the Setter is able to update when there
is just one Voter in both periods, that information is less valuable than the
chance of drawing a high demand Voter in one of the two periods when a
new Voter is drawn.

From this example one might conjecture that the Setter’s first period
proposal will always be larger when facing a single näıve Voter than when
facing two (randomly drawn) näıve Voters. However, we provide an example
in Section 6 to show that the inequality can go either way.

5 Two Periods: Sophisticated Voters

We now turn to the more interesting – and more complicated – environments
in which we assume the Voters are sophisticated. Once again, we begin with
the case of Voters drawn independently in each period because it is simpler:
there is no learning. Despite this, behavior and outcomes are very different
from the setting in which the two Voters are näıve.
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5.1 Two Sophisticated Voters

We assume throughout this Subsection that Voters are drawn independently
(from the same distribution) in each period. Because the draw is indepen-
dent across periods and the distribution of Voter types is common knowl-
edge, there is nothing for either the Voters or the Setter to learn. Nonethe-
less, behavior and outcomes are affected because in the first period a so-
phisticated Voter will look forward to the consequences of rejecting the first
period proposal and will compare the current proposal with those conse-
quences rather than with the status quo outcome, and the Setter will take
this forward-looking behavior of the Voter into account in making her pro-
posals.

Because the Voters and Setter learn nothing from a first-period rejection,
we know that the the optimal second period proposal will coincide with the
optimal one-shot proposal Z(1/2) and that the probability this proposal will
be accepted is 1− F (Z(1/2)/2); because these numbers occur frequently in
what follows we give them names:

z̄ = Z(1/2), π̄ = 1− F (z̄/2)

Thus the Setter’s expected utility following a first-period rejection will be
π̄z̄. Keeping this in mind, the Setter will never make a first-period proposal
less than π̄z̄, so in what follows we restrict attention to first period proposals
x ≥ π̄z̄.

If x ≥ π̄z̄ is proposed in the first period and rejected then z̄ will be
proposed in the second period but will be accepted only with probability π̄.
The Setter is risk neutral but the Voters are risk averse so the Voters keep in
mind that the second period represents a lottery which yields the outcome
z̄ with probability π̄ and the status quo outcome 0 with the complementary
probability 1 − π̄. Hence the Voter of type t will prefer the first period
proposal x to the second period lottery exactly when

−(t− x)2 > −π̄(t− z̄)2 − (1− π̄)(t− 0)2

A little algebra shows that the Voter of type t prefers the first period proposal
x to the second period lottery exactly when

t > ν(x) =
x2 − π̄z̄2

2(x− π̄z̄)
(2)

(It is straightforward to check that if x 6= π̄z̄ then x > ν(x).) Note that
ν(x) ≤ 0 if π̄z̄ ≤ x ≤

√
π̄z̄: if a proposal in this range is made it will
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be accepted by all Voter types. We have already observed that the Setter
will never make a first period proposal less than π̄z̄, but since all proposals
between π̄z̄ and

√
π̄z̄ will be accepted by all Voter types and the Setter

is maximizing, in fact the Setter will never make an proposal less than√
π̄z̄ = xmin. Moreover, because all Voters prefer the status quo to any

proposal greater than 1, the Setter will never make a proposal greater than
1. Hence from now on we restrict our attention to proposals x ∈ [xmin, 1].

Straightforward manipulation shows that the first and second derivatives
of ν are:

ν ′(x) =
1

2
+

(1− π̄)π̄z̄2

2(x− π̄z̄)2
ν ′′(x) = −(1− π̄)π̄z̄2

(x− π̄z̄)3
(3)

Note that ν ′ > 0 so that ν is strictly increasing, and that ν ′′ < 0 so that ν
is strictly concave. (Keep in mind that we are restricting attention to first
period proposals x ≥

√
π̄z̄ > π̄z̄.)

By analogy with the case of two näıve Voters, it might be natural to guess
that the optimal first period proposal is always greater than the optimal
second period proposal z̄, but as we show such a guess would be badly wrong.
We first isolate a simple calculation. Notice that the Setter proposes x in
the first period and optimizes in the second period, so her expected utility
will be:

W2(x) = x[1− F (ν(x))] + F (ν(x))z̄π̄

Write xmax for the largest proposal the Voter with type 1/2 would be willing
to accept; xmax is the larger of the two solutions to ν(x) = 1/2.

Theorem 3 If the distribution f is weakly increasing and the two Voters
are sophisticated then the unique optimal first period proposal is x̄ = z̄. It
is optimal for the Setter to make the same proposal in both periods.

Theorem 3 presents a striking contrast with Theorem 1. When Voters
are sophisticated the Setter still gets two bites of the apple, but when the
distribution is increasing – and hence favorable to the Setter – the optimal
bites are the same size and the probabilities of acceptance are the same in
each period. Hence the Setter’s expected utility will be π̄z̄ + (1− π̄)(π̄z̄) =
(2− π̄)π̄z̄. When Voters are näıve, the Setter takes a strictly larger bite in
the first period than in the second and her expected utility is strictly greater
than when Voters are sophisticated.

Symmetry might suggest that if the optimal first period proposal is z̄
when f is increasing then it should also be z̄ when f is decreasing. However,
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this is most assuredly not the case. Indeed whenever the probability π̄ that
the optimal one-shot proposal z̄ is accepted is below a certain threshold
the optimal proposal will most assuredly not be z̄. We have just calculated
that if the Setter proposes the z̄ in the first period and again in the second
period, her expected utility will be (2−π̄)π̄z̄. However if the Setter proposes
x =
√
π̄z̄ in the first period then all Voter types will accept so the Setter’s

expected utility will be
√
π̄z̄. Hence the Setter will strictly prefer to propose

x =
√
π̄z̄ in the first period (rather than z̄) whenever

√
π̄z̄ > (2 − π̄)π̄z̄;

that is to say whenever π̄ < (3−
√

5)/2 ≈ 0.382. In particular, the optimal
first-period proposal will not be z̄.

In general, we cannot determine the optimal first period proposal. In
Section 6 we study a particularly natural, parametrized family of densities
and show that for decreasing densities in that family, the optimal first period
proposal is always either z̄ or

√
π̄z̄. In general, we are unable to say what

the optimal first-period proposal will be when f is weakly decreasing, but
we can show that the optimal first-period proposal is always between

√
π̄z̄

and z̄. In fact, this conclusion does not require that f be weakly decreasing,
but only the consequence that is implied by Proposition 3 – that π̄ ≤ 1/2.

Theorem 4 If f is globally slowly decreasing and π̄ ≤ 1/2 (in particular,
if f is globally slowly decreasing and weakly decreasing) then

(a) W2 has a local maximum at z̄;

(b) the optimal first period proposal is at most z̄.

5.2 One Sophisticated Voter

We now turn to the environment in which a single sophisticated Voter acts
in both periods. We formalize the interaction this as extensive form game
between one Setter and one Voter with one-sided incomplete information
about the type of the Voter. In the first period, the Setter makes an initial
proposal x1 ∈ [0, 1]; if the Voter accepts the game ends and x1 is imple-
mented. If the Voter rejects the game moves to the second period. In the
second period, the Setter makes a new proposal x2 ∈ [0, 1]; if the Voter
accepts the game ends and x2 is implemented; if the Voter rejects the status
quo outcome 0 is implemented. If the final outcome is x ∈ [0, 1] then the
Setter’s utility is x; if the Voter is of type t ∈ [0, 1/2] then the Voter’s utility
is −(x− t)2 .
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We restrict attention to pure strategies. By definition, a pure strategy
for the Setter consists of a choice of moves at each information set. Hence a
pure strategy σ for the Setter consists of a real number x1 (the first period
proposal) and a function σ2 : [0, 1] → [0, 1]; σ2(x) prescribes the second
period proposal that would be made if the first period proposal had been
x and had been rejected. (Of course, only one second period proposal will
actually be realized, but the entire strategy of the Setter matters for the
decisions of the Voter.) A pure strategy τ for the Voter consists of a pair of
functions τ1 : [0, 1/2]×[0, 1]→ {Accept,Reject}, τ2 : [0, 1/2]×[0, 1]×[0, 1]→
{Accept,Reject} that prescribe decisions of a Voter of type t ∈ [0, 1/2] facing
a first period proposal and then facing a second period proposal after a given
first period proposal (which had been rejected). Every pair of strategies σ, τ
defines a unique path through the game and a unique outcome X(σ, τ). As
usual, a Bayesian Nash Equilibrium (BNE) is a pair of strategies σ, τ for
which neither the Setter nor Voter has a profitable deviation.

As is often the case, BNE does not capture the notion that both the
Setter and Voter are perfectly rational and forward-looking, because BNE
does not impose any restrictions on behavior off the equilibrium path. Such
restrictions can be captured by various notions of perfection. Following
the usual convention, we say that the strategy pair σ, τ constitute a Weak
Perfect Bayesian Equilibrium (Weak PBE) if they constitute a BNE and in
addition, at every decision node, the player whose turn it is to act forms
a posterior belief on the type space and chooses an action that is optimal
given this posterior belief and the strategy of the other player. Because the
Voter has full information, the posteriors of the Voter must coincide with the
truth. On the equilibrium path, the posteriors of the Setter must conform
to Bayes’ Rule; off the equilibrium path (i.e. following events of probability
0), the posteriors of the Setter can be arbitrary. We say that the strategy
pair σ, τ constitute a Strong Perfect Bayesian Equilibrium (Strong PBE) if
they constitute a BNE and in addition, at every decision node, the player
whose turn it is to act forms a posterior belief on the type space and chooses
an action that is optimal given this posterior belief and the strategy of the
other player. On the equilibrium path, these posteriors must conform to
Bayes’ Rule; off the equilibrium path (i.e. following events of probability 0),
these posteriors must be consistent with the strategies of all players.

Weak PBE and Strong PBE are distinguished by the beliefs the Setter
is allowed to hold after a first period proposal that is different from the
first period proposal made in equilibrium; that is, after a deviation by the
Setter herself. To see the difference, fix strategies σ = (x1, σ2) for the Setter
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and τ = (τ1, τ2) for the Voter and a first period proposal x 6= x1 and ask
what Weak and Strong PBE imply about the Voter’s response to x and the
Setter’s reply to that response. Because the Voter has complete information,
the Voter compares the first period proposal x to the proposal σ2(x) that
will be made (according to the Setter’s strategy) if x is rejected. The Voter
will reject x if he prefers either σ2(x) or the status quo 0. Following a
rejection of x, Weak PBE requires that the Setter form posterior beliefs
about the type of the Voter and that the second period proposal σ2(x) be
optimal given these posterior beliefs, but – because this is off the equilibrium
path – imposes no restrictions on these beliefs. In particular, Weak PBE
allows the posterior beliefs to be that Voter types t ∈ [0, x/2) accepted x and
Voter types t ∈ [x/2, 1/2] rejected x. Such beliefs are not consistent with
the strategy of the Voter. Indeed, such beliefs would mean that the Setter
believes the Voter is playing a strictly dominated strategy (off the equilibrium
path). Strong PBE explicitly rules out such beliefs because it requires that
posterior beliefs be consistent with the strategy of the Voter even off the
equilibrium path.

The type and action spaces in this game are continuous, and we do not
know of a general result that insures that either Weak or Strong PBE exist.
(If the type and action spaces were discrete this would guarantee existence of
an extensive form trembling hand perfect equilibrium, and any such would
be a Strong PBE; however the existence of an extensive form trembling hand
perfect equilibrium in pure strategies would not be guaranteed. Morevoer,
because our type and action spaces are continuous, it is not even clear what
trembling hand perfection should mean in our context.) We will therefore
be careful to provide explicit constructions of Weak and Strong PBE.

We say learning occurs in a PBE if the beliefs of the Setter are not
constant along the equilibrium path; otherwise learning does not occur. As
the following result shows, Weak PBE is always compatible with no learning.

Theorem 5 If the density f is locally slowly decreasing then there is a Weak
PBE in which learning does not occur, the Setter proposes z̄ in both periods
(along the equilibrium path), and the Setter’s expected utility is π̄z̄.

As we shall see in the proof of Theorem 5, the Setter’s strategy off the
equilibrium path requires that she believe the Voter is playing a strictly
dominated strategy – which would seem to be a “crazy” belief. Strong
PBE imposes much greater discipline on the beliefs of the Setter, and hence
restricts the family of equilibria that can occur.
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In the next three theorems we show that if we restrict attention to Strong
PBE then the Setter’s ability to learn is closely tied to the size of the optimal
one-shot proposal z̄: if z̄ < 1/2 then learning occurs in every Strong PBE;
if if z̄ ≥ 1/2 then there is always a Strong PBE in which learning does
not occur (although there may be other Strong PBE in which learning does
occur). As the proofs will show the crucial distinction between the cases
arises following a first period proposal x > z̄. If z̄ ≥ 1/2 then all Voter
types strictly prefer z̄ to x and hence reject x – so proposing x in the first
period is useless for the Setter. If z̄ < 1/2 and x < 1 − z̄ then Voter types
near 1/2 strictly prefer x to z̄ and so will accept x – so proposing x in the
first period will be useful for the Setter.

Theorem 6 If the density f is locally slowly decreasing and z̄ ≥ 1/2 (in
particular, if f is weakly increasing), then for every x1 ∈ [z̄, 1] there exists
a Strong PBE with the following characteristics along the equilibrium path:

(i) learning does not occur;

(ii) in the first period the Setter proposes x1 ≥ z̄ and all Voters reject;

(iii) in the second period the Setter proposes x2 = z̄; Voters with types
t < z̄/2 reject and Voters with types t > z̄/2 accept;

(iv) the Setter’s expected utility is π̄z̄.

We note that, if Theorem 6 does not rule out the possibility that when
z̄ ≥ 1/2 there may also be other Strong PBE in which learning does occur
and the Setter’s expected utility is greater than π̄z̄. However, if we impose
the stronger condition that f be weakly increasing, no such equilibria exist
– indeed, no learning is possible in any Bayesian Nash equilibrium.

Theorem 7 If the density f is weakly increasing then every Bayesian Nash
Equilibrium (in particular, every Weak PBE and every strong PBE) have
the following characteristics along the equilibrium path:

(i) learning does not occur;

(ii) in the first period the Setter proposes x1 ≥ z̄ and all Voters reject;

(iii) in the second period the Setter proposes x2 = z̄; Voters with types
t < z̄/2 reject and Voters with types t > z̄/2 accept;
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(iv) the Setter’s expected utility is π̄z̄.

We now show that if z̄ < 1/2 then Strong PBE continue to exist but
now learning occurs in every Strong PBE, and the Setter’s expected utility
is always strictly greater than π̄z̄.

Theorem 8 If the distribution f is locally slowly decreasing and z̄ < 1/2
(in particular, if f is locally slowly decreasing and weakly decreasing) then
a Strong PBE exists and every Strong PBE has the following characteristics
along the equilibrium path:

(i) learning occurs;

(ii) the first and second period proposals x1, x2 satisfy x1 > z̄ > x2;

(iii) the Setter’s expected utility is strictly greater than π̄z̄.

As we shall see in the proof, the equilibrium proposals may not be unique
but the equilibrium utility is unique.

6 Closed Form Solutions

In this Section we illustrate the various Theorems by deriving closed form
solutions for the densities fw(t) = w2wtw−1 (whose cdf’s are Fw(t) = 2wtw)
for w > 0. If w > 1 then fw is strictly increasing, if w < 1 then fw is
strictly decreasing, if w = 1 then fw is the uniform distribution. For every
w > 0 the distribution fw is slowly decreasing, so our previous results apply.
As we shall see, the key to deriving closed form solutions for this family of
distributions is that proposals “scale” nicely. We will discuss results in each
environment below but it may help to orient the reader to see the overall
picture first.

We display the information in four figures. Figure 1 graphs the densities
for three representative values of the parameter w.

Figures 2 and 3 show the Setter utility as a function of the parameter w
in each of the four environments in our 2x2 design and Figure 4 shows the
optimal first period proposal in each of the four environments. For all the
environments except that with two näıve Voters, we are able to find closed
form solutions for the Setter’s optimal first and second period proposals and
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Figure 1: Densities

the Setter’s expected utility, and the graphs for those environments follow
the closed form solutions. For the environment with two näıve Voters, we
cannot find closed form solutions, so the graphs for that environment are
derived by grid search using values of w from 0.005 and 5.000 in increments
of .005, and, for each w, using proposals x from 0.001 to 0.999 in increments
of 0.001. For clarity, we show the Setter’s utility for w ≥ 1 (increasing
density) and for w ≤ 1 (decreasing density) in separate figures.

Look first at Figure 2, which shows Setter’s expected utility when the
density is increasing (favorable to the Setter). The Setter is worst off in
the environment with a single sophisticated Voter because, in equilibrium,
the sophisticated Voter always rejects the first proposal, so the Setter is
reduced to making the one shot proposal on the second try. The Setter does
better with one näıve Voter and still better with two näıve Voters. This
illustrates Theorem 2: for the Setter, two chances of drawing a high demand
voter always outweighs what can be learned from a rejected proposal. Not
surprisingly, the Setter always does better with two näıve Voters than with
two sophisticated Voters. But for large values of w – i.e. for densities that are
very favorable for the Setter – learning becomes sufficiently valuable that the
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Figure 2: Setter Utility: w > 1

Figure 3: Setter Utility: w < 1
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Setter does better with one näıve Voter than with two sophisticated Voters.

Figure 3 reveals that the conclusions are rather different when the density
is decreasing (unfavorable to the Setter). The Setter is always better off in
the environments with two Voters but for values of w less than about 0.540
the Setter does best with two sophisticated Voters because the threat of a
second period lottery allows the Setter to exploit the risk aversion of the
Voters by making a first period proposal that all Voters accept. In contrast
to the setting with w > 1 where the Setter learns nothing from a first
period rejection and can do no better with two proposals than with one,
with w < 1 the Setter can can learn from a rejection of the first proposal,
and hence does better than when she is only allowed to make one proposal,
but the improvement is quite small (never greater than 4%).

Figure 4 displays the Setter’s optimal first period proposal as a function
of w in each of the four environments. Notice that the first period proposals
to one or two sophisticated Voters coincide (and are equal to z̄) when w ≥ 1
but diverge when w < 1. The first period proposal x to one sophisticated
Voter decreases as w decreases toward 0, but, as suggested in the discussion
of learning, x1 > z̄ for all w > 1 and x1 > 1/2 for small values of w. The
first period proposal to two sophisticated Voters decreases slowly until w =
(−1+

√
3)/2 and then drops suddenly as the Setter switches to a first period

proposal that all sophisticated Voters accept. In both environments, the
Setter is exploiting the Voters: in the first, she is exploiting the opportunity
to learn; in the second she is exploiting the risk aversion of Voters. The
ordering of first period proposals to näıve Voters reverses at approximately
w = 4.85 (see the discussion in Subsection 6.2), but the difference is not
visible in the Figure.

Figures 2 and 3 show, in line with intuition, that the Setter’s utility
is increasing in w in all environments. In contrast, Figure 4 contains two
surprises. When Voters are näıve, the first proposal is smoothly increasing
in w, but when Voters are sophisticated this is no longer true when w is small
(i.e., when the distribution is quite unfavorable to the Setter). With two
sophisticated Voters, the Setter’s first proposal jumps at w = (−1 +

√
3)/2:

below this threshold, the Setter chooses a first period proposal that all Voters
accept. With one sophisticated voter, the Setter’s behavior when w ≥ 1 is
different than when w < 1. When w ≥ 1, the Setter does not learn from
a first period rejection and can do no better with two proposals than with
one. When w < 1 the Setter does learn from a first period rejection and
hence does better than when she is only allowed to make one proposal – but
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Figure 4: First Period Proposals

the improvement is quite small – never greater than 4%.

We now turn to the calculations that gave rise to these Figures, and
some additional discussion.

6.1 Last Period

We begin by solving for the Setter’s behavior in the last period. Because fw
is slowly decreasing, there is a unique optimal proposal z̄, which solves the
FOC. For the distribution fw the FOC becomes

0 = [1− zw]− (z/2)(w2wzw−1)

Because all the terms in z appear to the power w, we readily obtain:

z̄(w) =
1

(1 + w)1/w
π̄(w) =

w

1 + w

The limiting behavior of π̄(w) as w → 0 and w →∞ are obvious; the limit-
ing behavior of z̄(w) is easily computed by taking logarithms and applying
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L’Hopital’s rule:

lim
w→0

π̄(w) = 0 lim
w→∞

π̄(w) = 1

lim
w→0

z̄(w) = 1/e lim
w→∞

z̄(w) = 1

Thus, for large w the Setter’s optimal one-shot proposal and probability
of acceptance are nearly 1; while for small w the Setter’s optimal one-shot
proposal is bounded away from 0 – although the probability of acceptance
is nearly 0.

6.2 Näıve Voters

As we have noted earlier, it is easy to see that the Setter’s expected utility
is always greater when facing two näıve Voters than when facing one näıve
Voter. However, it is not so easy to rank the Setter’s optimal first period
proposals; indeed, the ranking can go either way.

We begin by solving the Setter’s problem when the distribution is fw
and she faces a single näıve Voter. If x is proposed in the first period, it
will be accepted by Voters whose type t ∈ [x/2, 1/2] and rejected by Voters
whose type t ∈ [0, x/2). If x is rejected, the Setter’s optimal second period
proposal will therefore be Z(x/2). Solving the FOC for the optimal second
period proposal shows

Z(x/2) =
x

(1 + w)1/w
π(x/2) =

w

1 + w

where π(x/2) is the probability that Z(x/2) will be accepted in the second
period, conditional on reaching the second period. Notice that, in com-
parison to the one-period environment, the optimal proposal scales but the
probability of acceptance is unchanged. Hence the Setter’s problem can be
reduced to choosing x to maximize

V1(x) = x[1− xw] + xw
[

x

(1 + w)1/w

] [
w

1 + w

]
and the FOC is

V ′1(x) = [1− xw]− x(wxw−1) + (wxw−1)

[
x

(1 + w)1/w

] [
w

1 + w

]
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Once again, x appears only to the power w so we can solve the FOC in
closed form; the unique optimal first period proposal is

x1(w) =

 1

1 + w − w
(

1
(1+w)1/w

)
1/w

When there are two näıve Voters, the Setter learns nothing from a re-
jection in the first period and so proposes z̄ in the second period, which is
accepted with probability π̄. Hence the Setter’s problem is to choose the
first period proposal x to maximize

V2(x) = x[1− xw] + xwπ̄z̄ = x− x1+w + π̄z̄xw

so the FOC is

0 = 1− (1 + w)xw + wπ̄z̄xw−1

However, now we cannot solve the FOC in closed form, and so cannot obtain
a direct comparison between the optimal first period offer with two näıve
Voters and the optimal first period offer with a single näıve Voters. However
we can do the comparison numerically; we find a threshold w∗ ≈ 4.85 for
which that x1(w) > x2(w) when w < w∗ and x1(w) < x2(w) when w > w∗.

6.3 Two Sophisticated Voters

For the environment with two sophisticated Voters we can give a complete
characterization of the Setter’s optimal behavior. It follows from our pre-
vious general results that if w ≥ 1, so that fw is weakly increasing, then
the Setter’s optimal first period proposal is z̄, and that if w < 1, so that
fw is strictly decreasing, then the Setter’s optimal first period proposal is
not greater than z̄. For the distributions fw, we can say much more: there
is a strict dichotomy: above the threshold w̃ = (−1 +

√
5)/2, the Setter’s

optimal first period proposal is z̄; below that threshold the Setter’s optimal
first period proposal is

√
π̄z̄: the Setter makes the largest first period offer

that all Voter types prefer to the lottery between the second period pro-
posal z̄ and the status-quo outcome 0. (Notice that the threshold w̃ satisfies
[(−1 +

√
5)/2]2 = (3 −

√
5)/2, which we recognize from Subsection 5.1 as

identifying the point where the Setter switches from proposing z̄ to
√
π̄z̄.)
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Proposition 8 When the Setter faces two sophisticated voters and the den-
sity is fw:

(a) for w > (−1 +
√

5)/2: the unique optimal first period proposal is z̄ (the
Setter proposes z̄ in both periods) and the Setter’s expected utility is
π̄z̄ + (1− π̄)π̄z̄ = (2− π̄)π̄z̄;

(b) for w < (−1 +
√

5)/2: the unique optimal first period proposal is
√
π̄z̄

(all Voter types accept the first period proposal) and the Setter’s expected
utility is

√
π̄z̄;

(c) for w = (−1 +
√

5)/2: there are two optimal first period proposals: z̄
and
√
π̄z̄ (the Setter is indifferent between these first-period proposals)

and the Setter’s expected utility is
√
π̄z̄.

6.4 One Sophisticated Voter

When w ≥ 1 the density is (weakly increasing) so we know from Theorem
7 that the best the Setter can do is to propose z̄; the first period proposal
will be rejected and the Setter’s expected utility will be π̄z̄. When w < 1,
the density is strictly decreasing and Theorem 8 tells us that the Setter’s
optimal first and second period proposals x1, x2 satisfy x1 > z̄ > x2; when
we plug in the explicit form for the density fw, the proof provides explicit
formulae for the unique solutions x1, x2. We omit the routine but very messy
algebra (available from the authors on request); the solution is given by the
following formulae:

K =

(
1

1 + w

)1/w

b =
1

2

[
1−K

(w + 1)− (2w + 1)K

]
x1 = 2b− bK
x2 = bK

7 Conclusion

We have studied the interaction between a Setter and Voters when the Set-
ter can make proposals in two periods. We have identified environments

27



in which the Setter makes different proposals in the two periods and envi-
ronments in which she does not, and environments in which the Setter can
learn from a rejection – and hence can tailor the proposal to take this into
account – and environments in which the Setter cannot. Importantly, we
have found that sophistication of Voters often limits – or entirely obviates
– the Setter’s ability to exploit the opportunity to make two proposals.

In the interests of tractability, we have used a model in which the Setter
interacts with a single Voter in each period. In the Introduction, we have
argued that this is a reasonable abstract proxy for a more realistic model
in which the Setter interacts with a set of Voters in each period – either a
different set or the same set. We believe that this abstraction provides useful
and perhaps important insights into realistic settings, but much remains to
be done. Whether the distribution of (ideal points of) the single Voter is
an accurate stand-in for the distribution of (the ideal point of) the sample
medians depends both on the actual distribution of Voters and on the process
that produces random samples – i.e. which voters actually turn out in each
election. Moreover, in order for some of our results to apply, it would need
to be the case that the distribution of sample medians has a density that
is locally slowly decreasing. As we have mentioned in Subsection 3.2, this
would be true if the distribution of voters has an increasing hazard rate
(Barlow and Proschan 1975, page 108). More generally, the fact that, for
large samples, the distribution of sample medians is approximately normal
(van der Waart 1998, Example 5.24) and that the normal distribution is
locally slowly decreasing, suggests that our results might apply much more
generally.

A smaller limitation is that we have limited the Setter to two proposals;
at least in some circumstances, the number of possible proposals might be
greater than two and perhaps even indeterminate. If the Setter is allowed
many proposals and Voters are näıve, it is easy to see what would happen. If
a new Voter were drawn in every period, the Setter could make a sequence
of large proposals in the realistic hope of once drawing a Voter with an
ideal point close to 1/2. (Determining the optimal sequence of proposals
seems implausible except for very special distributions – but also not terribly
important.) If the same Voter acts in each period, the Setter’s optimal
sequence of proposals can be determined by backward induction but the
best the Setter could do would be to pass a proposal close to twice the
ideal point of this Voter. If Voters are sophisticated, the analysis becomes
more complicated. For instance, with new Voters in each period, the first
period Voter faces a lottery between the current proposal and a lottery
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between the second period proposal and the third period lottery. Hence the
indifference point ν̂(x) for the first period Voter will be different from the
indifference point ν(x) that we have computed here and the behavior will
also be different.

In sum, our contribution has been to provide baseline insight as to how
the Setter and the Voters respond to changes with respect to voter sophisti-
cation and to the pivotal voter being maintained or replaced in the sequence
of votes. We also identify how these responses are influenced by the un-
derlying distribution of voters. In some scenarios a second proposal can
produce substantial policy adjustment; in others, the first and second pro-
posals are identical. In empirical settings, both very minimal adjustment
(Romer, Rosenthal, and Ladha, 1984) and substantial adjustment (Rugh
and Trounstine, 2011) have been observed – perhaps because of differences
in the underlying distribution of voter types.

There remain at least two important limitations to application of our
results to natural settings. The first is that, in the two voter environment,
the two decisive Voters are drawn independently. It would be more realis-
tic to treat intermediate cases, where preferences of the Voters in the two
periods are correlated. The second is that our model does not allow for
communication between the Setter and the Voters – or even for the Setter
to know what the vote in the first period had been (aside from having been
negative). In settings such as the votes on TARP, the Denver municipal
bond issue, and Brexit, this omission seems important.

As we have mentioned in the Introduction, Chen (2017) examines so-
phisticated voting when a random sample of N ≥ 2 Voters is drawn in the
first period; if the first period proposal is rejected, the Setter learns the
number of negative votes and the same Voters vote in the second period.
This aspect of his model is more realistic than ours. However, Chen assumes
that the distribution of Voter ideal points is unbounded above, so that an
arbitrarily large proposal might be accepted – and indeed Chen constructs
equilibria in which first period proposals are arbitrarily large. We think this
assumption, which is crucial to Chen’s construction, is not reasonable, and
so we assume that the distribution of Voter ideal points is bounded above.
Moreover, in the equilibria that Chen constructs, all Voters would reject any
first period proposal that is different from the one made in equilibrium, even
if all Voters strictly prefer that alternative proposal to the one that would
be made in the second period. This seems to us to be an unreasonably weak
notion of equilibrium – for one thing, it would seem to require a great deal
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of coordination among Voters – and our equilibrium notion expressly rules
out such behavior.

Consequently, much work remains to be done in order to understand
sequential agenda-setting and voting with multiple sophisticated voters.
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Appendix A: Proofs

Here we collect the proofs of the various Propositions and Theorems.

Proof of Proposition 1 That Z has compact non-empty values is an
immediate consequence of the fact that Ub(x) is continuous and the domain
is closed and bounded. That Z is an upper-hemi-continuous correspondence
follows immediately from the Maximum Theorem. To see that Z is strictly
increasing in the strong set order, we first show it is weakly increasing.
If not, we can find b < b′ ≤ 1/2, z ∈ Z(b) and z′ ∈ Z(b′) and z > z′. By
definition, z maximizes Ub; as we have noted this is equivalent to maximizing
x[F (b)− F (x/2)] so

z[F (b)− F (z/2)] ≥ z′[F (b)− F (z′/2)] (4)

By assumption b < b′ and z > z′ so

z[F (b′)− F (b)] > z′[F (b′)− F (b)] (5)

Summing the inequalities (4) and 5 yields

z[F (b′)− F (z/2)] > z′[F (b′)− F (z′/2)]

This contradicts the assumption that z′ ∈ Z(b′), so we conclude that Z is
weakly increasing in the strong set order. Finally, consider the first-order
conditions for a proposal to be optimal facing Voter types in [0, b] or in [0, b′]:

0 = F (b)− F (x/2)− (x/2)f(x/2)

0 = F (b′)− F (x/2)− (x/2)f(x/2)

Since b < b′ and F is strictly increasing we must have F (b) < F (b′); but it is
now obvious that no x can simultaneously satisfy both first-order conditions.
Hence if z ∈ Z(b) and z′ ∈ Z(b′) it cannot be the case that z = z′, so the
proof is complete.

Proof of Proposition 2 Assume that f is weakly decreasing on [c, 1/2).
Consider any x > b. As we have noted, every element z ∈ Z(b) maximizes
x[F (b)−F (x/2)]. Differentiating with respect to x and keeping in mind that
f is weakly decreasing on [c, 1/2) and hence on [x/2, 1/2) yields

∂x[F (b)− F (x/2)]

∂x
= [F (b)− F (x/2)]− (x/2)f(x/2)

≤ f(x/2)(b− x/2)− (x/2)f(x/2)

= (b− x)f(x/2)
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Since (b−x) < 0, we conclude that x[F (b)−F (x/2)] is strictly decreasing on
(b, 1] and hence does not attain its maximum there. In other words, every
element of Z(b) must lie in [0, b], as asserted. The argument for the weakly
increasing case is similar, except that we fix x < b and the inequalities are
reversed.

Proof of Proposition 3 If f is weakly decreasing on [0, 1/2] and y ∈ [0, 2µ)
then

1/2 = F (µ) > F (y/2) ≥ (y/2)f(y/2)

On the other hand, y/2 < µ so 1− F (y/2) > 1/2 and

U ′(y) = 1− F (y/2)− (y/2)f(y/2) > 0

Thus, U is strictly increasing on [0, 2µ) so every optimal proposal z must
lie in the interval [2µ, 1] and the probability that the proposal z will be
accepted will be 1 − F (z/2) ≤ 1 − F (µ) = 1/2. Proposition 2 implies that
every optimal proposal is at most 1/2, so U(z) ≤ 1/4. The argument for
the weakly increasing case is similar except that we consider y ∈ (2µ, 1] and
the inequalities are reversed.

Proof of Proposition 4 We first show that the optimal proposal is unique.
As noted earlier, the FOC is

1− F (x/2)− (x/2)f(x/2) = 0

Because we have assumed f is strictly positive, we can re-write this as:

x

2
=

1− F (x/2)

f(x/2)
(6)

By assumption, the hazard rate is weakly increasing so the right-hand-side
– which is the reciprocal of the hazard rate – is weakly decreasing. Because
x/2 is strictly increasing there is at most one x that satisfies (6); i.e. at
most one x that satisfies the FOC. Because every optimal proposal must lie
strictly between 0, 1, every optimal proposal must satisfy the FOC. Hence
there is a unique optimal proposal; call it z̄.

We must show that f(t) + tf ′(t) > 0 for each t < z̄/2. For all values of
t for which f ′(t) ≥ 0 this is a tautology so we need only consider values of t
for which f ′(t) < 0. Fix one such t. Differentiating the hazard rate yields:[

f(t)

1− F (t)

]′
=
f ′(t)[1− F (t)] + f(t)f(t)

[1− F (t)]2
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Because the hazard rate is increasing, its derivative is non-negative. Because
t < z̄/2, t lies in the region where t is less than the reciprocal of the hazard
rate; i.e. t < [1− F (t)]/f(t), so tf(t) < 1− F (t). Keeping in mind that we
are considering a value of t for which f ′(t) < 0, we conclude that tf(t)f ′(t) >
f ′(t)[1− F (t)] and hence that

tf(t)f ′(t) + f(t)f(t)

[1− F (t)]2
>
f ′(t)[1− F (t)] + f(t)f(t)

[1− F (t)]2

Because the right-hand-side of this inequality is the derivative of the haz-
ard rate, it is non-negative, so the left-hand-side must be strictly positive,
whence the numerator must also be strictly positive. But the numerator is

tf(t)f ′(t) + f(t)f(t) = f(t)
[
tf ′(t) + f(t)

]
so we conclude that f is locally slowly decreasing, as asserted.

Proof of Proposition 5 The cdf G and pdf g are defined by

G(x) =
F (x)− F (m)

F (M)− F (m)

g(x) =
f(x)

F (M)− F (m)

Fix x ∈ [m,M ]. The hazard rate k of g at x is

k(x) =
g(x)

1−G(x)

=
f(x)/[F (M)− F (m)]

1− [F (x)− F (m)]/[F (M)− F (m)]

=
f(x)

[F (M)− F (m)]
(
1− [F (x)− F (m)]/[F (M)− F (m)]

)
=

f(x)

F (M)− F (x)

Differentiating k yields

k′(x) =
f ′(x)[F (M)− F (x)]− f(x)[F (M)− F (x)]′

[F (M)− F (x)]2

=
f ′(x)[F (M)− F (x)] + f(x)2

[F (M)− F (x)]2
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By assumption, x ≤M so F (M)− F (x) ≥ 0 so if f ′(x) ≥ 0 then k′(x) ≥ 0.
Hence we can restrict our attention to the situation in which f ′(x) < 0. The
hazard rate of f at x is

h(x) =
f(x)

1− F (x)

and the derivative is

h′(x) =
f ′(x)[1− F (x)] + f(x)2

[1− F (x)]2

By assumption, h is increasing at x so h′(x) ≥ 0; hence the numerator
f ′(x)[1 − F (x)] + f(x)2 ≥ 0 as well. Since we are in the situation in which
f ′(x) < 0, and F (M) − F (x) ≤ 1 − F (x), it follows that f ′(x)[F (M) −
F (x)]+f(x)2 ≥ f ′(x)[1−F (x)]+f(x)2 ≥ 0. Since the denominator of k′(x)
is certainly positive, it follows that k′(x) ≥ 0 as well.

We have concluded that k′(x) ≥ 0 is increasing for all x ∈ [m.M ]; i.e. k
is weakly increasing for all x ∈ [m,M ], as desired.

Proof of Proposition 6 Proposition 2 implies that zmax/2 ≤ c so f is
increasing on (0, zmax/2), hence slowly decreasing on (0, zmax/2).

Proof of Proposition 7 We have shown that Z is a strictly increasing
correspondence so if x ∈ Z(b) then x ≤ zmax and x/2 ≤ zmax/2. As we
have noted, x maximizes Ub(x) if and only if x maximizes x[F (b)−F (x/2)].
Differentiating twice yields

∂2
(
x[F (b)− F (x/2)]

)
∂x2

= −f(x/2)− (x/4)f ′(x/2)

By assumption, f is is slowly decreasing on (0, zmax/2); since f(x/2) +
(x/4)f ′(x/2) > 0 so −f(x/2) − (x/4)f ′(x/2) < 0 for x/2 ∈ (0, zmax/2).
Hence, both x[F (b)−F (x/2)] and x[F (b)−F (x/2)]/F (b) = Ub(x) are strictly
concave in x for x ∈ (0, zmax) and hence the first order condition is necessary
and sufficient for a maximum of Ub in the interval (0, zmax). Because every
maximum of Ub lies in the closed interval [0, zmax] and Ub(0) = 0, Ub must
have a unique maximum. If b < 1/2 then, because Z is strictly increasing,
this maximum must lie in the open interval (0, zmax); if b = 1/2 this max-
imum occurs at x = zmax. In any case, we conclude that the maximum is
unique, so that Z is a single-valued function. Since Z is an strictly upper-
hemi-continuous correspondence, it is in fact a strictly increasing continuous
function.
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To see that Z is differentiably strictly increasing, use the fact that for
b < 1/2, Z(b) is the unique solution to the FOC to write

0 = [F (b)− F (Z(b)/2)]− [Z(b)/2]f(Z(b/2))

and differentiate implicitly with respect to b, obtaining

0 = f(b)− f(Z(b)/2)
[
Z ′(b)

]
− [Z(b)/4][f ′(Z(b)/2)]

[
Z ′(b)

]
so that

Z ′(b) =
f(b)

f(Z(b)/2) + [Z(b)/4][f ′(Z(b)/2]
(7)

We have assumed that f(b) > 0 on (0, 1/2) and that f is locally slowly
decreasing, so both the numerator and denominator are strictly positive.
We conclude that Z ′(b) > 0 for all b < 1/2, as asserted.

Proof of Theorem 1 Let x, y be any pair of optimal first and second period
proposals (respectively). We show first that x ≥ y. To see this, suppose to
the contrary that x < y. Because y is the optimal second period proposal
we must have

y[1− F (y/2)] ≥ x[1− F (x/2)]

Because F is strictly increasing and x < y it follows that F (y/2) > F (x/2)
and hence that

y[1−F (y/2)] +F (y/2)y[1−F (y/2)] > x[1−F (x/2)] +F (x/2)y[1−F (y/2)]

However, this inequality asserts that proposing y in both periods is superior
to proposing x in the first period and y in the second period, which is a
contradiction, so we conclude that x ≥ y as asserted.

To see that in fact x > y, consider the first order condition with respect
to x for maximizing V2(x, y):

0 =
∂V2(x, y)

∂x
= [1− F (x/2)]− x/2f(x/2) + (1/2)f(x/2)y[1− F (y/2)]

If we substitute x = y we obtain

0 =
{

[1− F (y/2)]− (y/2)f(y/2)
}

+
{

(1/2)f(y/2)y[1− F (y/2)]
}

However, because y is an optimal second period proposal, hence an optimal
one-shot proposal, the FOC for the one-shot problem guarantees that the
first term in curly brackets is 0. Since the second term in curly brackets is
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certainly not 0 this means that x = y fails the the first order condition with
respect to x for maximizing V2(x, y) and hence x = y cannot be an optimal
first period proposal. Thus x 6= y. Since we have already shown x ≥ y we
conclude x > y as asserted.

We have already shown that if f is slowly decreasing then there is a
unique optimal second period proposal z̄. Hence the Setter’s problem re-
duces to choosing the first period proposal x to maximize

V2(x, z̄) = x[1− F (x/2)] + F (x/2)z̄[1− F (z̄/2)]

Differentiating twice with respect to x we see that

∂2V2(x, z̄)

∂x2
= −(1/2)f(x/2)− (1/2)f(x/2)

−(x/4)f ′(x/2)− (1/4)z̄[1− F (z̄/2)]f ′(x/2)

= −f(x/2)−
{

(x/4)− (1/4)z̄[1− F (z̄/2)]
}
f ′(x/2)

We know that every optimal first period proposal is greater than every
optimal second period proposal so we need only consider x > z̄. Since
[1−F (z̄/2)] < 1, for such x, the expression in curly brackets is positive and
less than x/2, so because f is slowly decreasing, the second derivative of
V2(x, z̄) is negative for x > z̄, whence V2(x, z̄) is strictly concave for x > z̄.
Hence the FOC is necessary and sufficient for maximization of V2(x, z̄).
Since the FOC has a unique solution, there is a unique optimal first period
proposal, as asserted.

Proof of Theorem 2 Let (x, y) be any pair of first and second period
proposals. We have:

V2(x, y) = x[1− F (x/2)] + F (x/2)y[1− F (y/2)]

= x[1− F (x/2)] + y[F (x/2)− F (x/2)F (y/2)]

> x[1− F (x/2)] + y[F (x/2)− F (y/2)]

= V1(x, y)

That is: holding proposals constant, the Setter’s expected utility is strictly
greater when facing two näıve Voters than when facing a single näıve Voter.
Taking the proposals (x, y) to be any optimal pair of proposals for the Setter
when facing a single näıve Voter yields the desired result.

Proof of Theorem 3 We first show that W2 satisfies the FOC at z̄. To see
this, compute the derivative

W ′2(x) = [1− F (ν(x)]− f(ν(x))ν ′(x)(x− π̄z̄)
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Substitute x = z̄ into the expressions for ν and ν ′ and simplify to obtain:

ν(z̄) = z̄/2 ν ′(z̄) =
1

2(1− π̄)

Substitute x = z̄ and these expressions into the expression for W ′2 and recall
that the FOC for the one-shot optimal proposal guarantees that z̄f(z̄/2) =
2π̄ to obtain:

W ′2(z̄) = [1− F (z̄/2)]− [z̄ − z̄π̄]f(z̄/2)

(
1

2(1− π̄)

)
= [1− F (z̄/2)]− [1− π̄][z̄f(z̄/2)]

(
1

2(1− π̄)

)
= π̄ − [1− π̄](2π̄)

(
1

2(1− π̄)

)
= 0

so that W2 satisfies the FOC at z̄.

To complete the proof, we will show that W2 is strictly concave on the
interval [xmin, xmax]. To see this, compute the second derivative:

W ′′2 (x) = −f(ν(x))ν ′(x)− f(ν(x))ν ′(x)− f(ν(x))ν ′′(x)(x− π̄z̄)
− f ′(ν(x))[ν ′(x)]2(x− π̄z̄)

Substituting the expressions for ν ′(x) and ν ′′(x) and simplifying yields

W ′′2 (x) = −f(ν(x))[2ν ′(x) + ν ′′(x)(x− π̄z̄)]− f ′(ν(x))[ν ′(x)]2(x− π̄z̄)

= −f(ν(x))

{
1−

[
(1− π̄)π̄iz̄2

(x− π̄z̄)2

]
+

[
(1− π̄)π̄z̄2

(x− π̄z̄)3

]
(x− π̄z̄)

}
− f ′(ν(x))[ν ′(x)]2(x− π̄z̄)

= −f(ν(x))− f ′(ν(x))[ν ′(x)]2(x− π̄z̄)

We have assumed that f > 0 except possibly at 0, 1 and that f is weakly
increasing so f ′ ≥ 0; [ν ′(x)]2 is certainly positive and x−π̄z̄ > 0 for x ≥ xmin.
Hence W ′′2 (x) < 0 on the interval [xmin, xmax], so W2 is strictly concave on
that interval, whence the first order condition is necessary and sufficient for
a maximum. We have already verified that the FOC is satisfied at x = z̄ so
x = z̄ is the unique optimal first-period proposal.

Proof of Theorem 4 The second derivative of W2 is

W ′′2 (x) = −f(ν(x))− f ′(ν(x))[ν ′(x)]2(x− π̄z̄)
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We are going to show that W ′′2 (x) < 0 for x ≥ z̄; this will yield both of the
desired conclusions. To do this, we will make use of the assumption that f is
slowly decreasing on the interval (0, 1/2); we will do so by first establishing
the following Claim.

Claim: If x > z̄ then 0 < [ν ′(x)]2(x− π̄z̄) ≤ ν(x).

To establish the Claim, note first that the first (strict) inequality follows
because x > π̄z̄. To obtain the second inequality we proceed in two steps:
the first step is to show that [ν ′(x)]2(x− π̄z̄) ≤ ν(x) when x = z̄; the second
step is to show that [ν ′(x)]2(x − π̄z̄) grows more slowly than ν(x) when
x ≥ z̄.

The first step is simple: if we set x = z̄ and keep in mind the assumption
that π̄ ≤ 1/2 then our previous calculations show that

[ν ′(z̄)]2(z̄ − π̄z̄) =
z̄

4(1− π̄)
≤ z̄/2 = ν(z̄)

as desired.

For the second step, differentiate to obtain:{
[ν ′(x)]2(x− π̄z̄)

}′
= [ν ′(x)]2 + 2[ν ′(x)][ν ′′(x)]

=
1

4

{
1 +

[
(1− π̄)π̄z̄2

(x− π̄z̄)2

]}2

+ 2ν ′(x)ν ′′(x)

The expression (x− π̄z̄) is positive (by assumption) and is increasing in x so
the expression in square brackets above is decreasing in x. We have already
shown that ν ′(x) > 0 and ν ′′(x) < 0 so 2ν ′(x)ν ′′(x) < 0. We thus obtain

{
[ν ′(x)]2(x− π̄z̄)

}′
=

1

4

{
1 +

[
(1− π̄)π̄z̄2

(x− π̄z̄)2

]}2

+ 2ν ′(x)ν ′′(x)

<
1

4

[
1 +

(1− π̄)π̄z̄2

(x− π̄z̄)2

]2
≤ 1

4

[
1 +

(1− π̄)π̄z̄2

(z̄ − π̄z̄)2

] [
1 +

(1− π̄)π̄z̄2

(x− π̄z̄)2

]
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=
1

4

[
1 +

π̄

1− π̄

] [
1 +

(1− π̄)π̄z̄2

(x− π̄z̄)2

]
=

1

4

[
1

1− π̄

] [
1 +

(1− π̄)π̄z̄2

(x− π̄z̄)2

]
≤ 1

2

[
1 +

(1− π)πz2

(x− πz)2

]
= ν ′(x)

Reading the extremes of this string of inequalities shows that if x ≥ z̄ then{
[ν ′(x)]2(x− π̄z̄)

}′ ≤ ν ′(x). Since [ν ′(x)]2(x − π̄z̄) ≤ ν(x) when x = z̄ and
[ν ′(x)]2(x − π̄z̄) grows more slowly than ν(x) for x ≥ z̄, we conclude that
[ν ′(x)]2(x− π̄z̄) ≤ ν(x) for x ≥ z̄, which is the Claim.

Now we use the fact that 0 < [ν ′(x)]2(x− π̄z̄) ≤ ν(x) and the assumption
that f is slowly decreasing to conclude that

W ′′2 (x) = −f(ν(x))− f ′(ν(x))[ν ′(x)]2(x− π̄z̄) < 0 for all x ≥ z̄

We have already shown that W ′2(z̄) = 0 so we conclude that W2 has a local
maximum at z̄, which is (a). Moreover, if x > z̄ then W ′2(x) < 0; i.e., W2(x)
is decreasing for x > z̄. In particular, W2(x) < W2(z̄) for x > z̄. Hence the
optimal first period proposal cannot be greater than z̄, which is (b).

Proof of Theorem 5 The strategy of the Setter is:

• in the first period: propose z̄;

• in the second period

– if the first period proposal was x ≤ max{1/2, z̄} and was rejected,
then propose x again;

– if the first period proposal was x > max{1/2, z̄} and was rejected,
then propose 1/2.

The strategy of the Voter is:

• in the first period: reject all proposals;

• in the second period: facing a second period proposal of y, accept if
the Voter type is t > y/2, reject if the Voter type is t ≤ y/2.

Along the equilibrium path, the Setter proposes z̄ in both periods; the
Voter rejects in the first period and accepts in the second period if and only
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if t > z̄/2. This is optimal for the Voter because he is indifferent between z̄
in the first period or the second period. The second period proposal for the
Setter is optimal for the correct belief that all types of Voters have rejected
and hence that the distribution of Voter types is unchanged.

Off the equilibrium path we must check that, given the strategy of the
Setter, the Voter is optimizing at all decision nodes. In the second period,
the Voter accepts y if and only if t > y/2; this is optimal. If the first period
proposal is x ≤ max{1/2, z̄} the second period proposal will be the same so
the Voter is indifferent to accepting/rejecting; if it is x > max{1/2, Z(1/2)}
the second period proposal will be 1/2 which is strictly preferred to the first
period proposal, so the Voter will reject.

We must also construct beliefs for the Setter following a first period
proposal of x and a rejection so that the second period proposal y as defined
above is optimal against those beliefs. If x = z̄, the Setter believes the
distribution is unchanged so proposes z̄. If x 6= z̄ the Setter plans to propose
some y ≤ max{1/2, z̄)}; we claim that for each such y there is an interval I
of types for which y is optimal when Voter types are believed to be in I. To
see this, fix y ≤ max{1/2, z̄}; note that y < 1 so y/2 < 1/2. For small ε > 0
(to be chosen), set I = [y/2, y/2 + ε]. If ε < y/2 then a proposal of ŷ < y
would be accepted by all types in I; hence the Setter’s expected utility is
increasing in ŷ for ŷ < y. If y + 2ε ≥ ŷ > y then an proposal of ŷ would
be accepted only by types in the subinterval [ŷ/2, y/2 + ε] so the Setter’s
expected utility will be ŷ[F (y/2 + ε)− F (ŷ/2)]; differentiating with respect
to ŷ yields (as before)

−(ŷ/2)f(ŷ/2)+F (y/2+ε)−F (ŷ/2) < −(y/2)f(ŷ/2)+F (y/2+ε)−F (y/2)

If ε is sufficiently small then the right-hand side of this inequality will be
negative for every such ŷ, so the Setter’s expected utility will be decreasing
for ŷ in this range. Finally, if ŷ > y+2ε then a proposal of ŷ will be rejected
by all types in I. In sum, we conclude that if ε is sufficiently small the
unique optimal proposal for the Setter when Voter types are believed to lie
in I = [y/2, y/2 + ε] is in fact y. (Note: the Setter’s expected utility from
an proposal of ŷ is not differentiable at ŷ = y.)

To complete the argument we must check that neither the Setter nor
the Voter can gain by deviating. Along the equilibrium path the Setter
obtains expected utility π̄z̄. If the Setter deviates, all first period proposals
are rejected for sure and no second period proposal does better than z̄, so
the Setter cannot gain by deviating. The Voter is optimizing at every node.
Hence these strategies form a Weak PBE and the proof is complete.
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Proof of Theorem 6 We will construct a Strong PBE having the charac-
teristics described and then show that all Weak PBE have the same charac-
teristics.

By assumption, f is locally slowly decreasing so Proposition 7 tells us
that the function Z : [0, 1/2]→ [0, z̄] is strictly differentiably increasing and
hence has a strictly differentiably increasing inverse Z−1 : [0, z̄] → [0, 1/2].
For each fixed x∗1 ≥ z̄, we define a strategy for the Setter as follows:

• First period: propose x1 = x∗1.

• Second period: If the first period proposal was x ≥ z̄, propose y = z̄;
if the first period proposal was x < z̄, propose y = x.

We define a strategy for the Voter as follows:

• First period: If the proposal is x ≥ z̄, reject. If the proposal is x < z̄,
reject if the Voter’s type t ≤ Z−1(x) and accept if the Voter’s type is
t > Z−1(x).

• Period 2 If the proposal is y, reject if the Voter’s type is t ≤ y/2
and accept if the Voter’s type is t > y/2.

To verify that these strategies constitute a Strong PBE we work back-
wards, first for the Voter, then for the Setter.

• Voter

– Second period If the proposal is y then Voters with types
t < y/2 strictly prefer the status quo outcome of 0 to the proposal
y, Voters with types t > y/2 strictly prefer the proposal y to the
status quo outcome of 0, and the Voter with type t = y/2 is
indifferent. Hence the Voter’s second period strategy is optimal.

– First period If the proposal is x ≥ z̄ then the Voter knows
that, following a rejection, the second period proposal will be
z̄. Since z̄ ≥ 1/2, all Voters weakly prefer z̄ to x, and it is
weakly optimal to reject. If x < z̄ then the Voter knows that,
following a rejection, the second period proposal will be x again,
so Voters with types t ≥ x/2 are indifferent between accept and
reject and Voters with types t < x/2 strictly prefer reject (and
will reject again in the second period). Hence the Voter’s first
period strategy is optimal.

• Setter
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– Second period Following a first period proposal of x ≥ z̄:
In Strong PBE, the Setter’s posterior belief must be consistent
with the strategy of the Voter. Since any proposal x ≥ z̄ will
rejected by all Voter types, Strong PBE requires that the Setter’s
posterior and prior beliefs coincide, so the Setter’s optimal second
period proposal is z̄. Following a first period proposal of x < z̄:
Any such proposal will have been rejected by Voters with types
t ≤ Z−1(x) and accepted by Voters with types t > Z−1(x). Hence
Strong PBE requires that the Setter’s posterior belief should be
the normalized restriction of f to the interval [0, Z−1(x)]. Given
these posteriors, the Setter’s optimal proposal is Z(Z−1(x)) = x.
Hence the Setter’s second period strategy is optimal.

– First period If the Setter proposes x ≥ z̄ then it will be rejected
by all Voter types and z̄ will be proposed in the second period,
so that the Setter’s expected utility will be π̄z̄. If the Setter
proposes x < z̄ then it will be accepted by Voter types in the
interval (Z−1(x), 1/2] and rejected by Voter types in the interval
[0, Z−1(x)]; in the second period the Setter will then optimally
propose x again and it will be accepted by Voter types in the
interval [x/2, Z−1(x)]. Thus the proposal will be x in both periods
and will be accepted by Voter types in the interval [x/2, 1/2] so
the Setter’s expected utility will be x[1−F (x/2)]. By definition,
z̄ is the Setter’s optimal proposal in the one-shot setting so π̄z̄ ≥
x[1 − F (x/2)]. Thus proposing x < z̄ in the first period is not
better (indeed, is worse) for the Setter than proposing z̄. Hence
the Setter’s first period strategy is optimal.

Hence these strategies constitute a Strong PBE, as asserted.

Proof of Theorem 7 Assume that f is weakly increasing; consider any
Bayesian Nash Equilibrium, and let x1, x2 be the first and second period
proposals that are made along the equilibrium path. (Keep in mind that
the second period is reached and x2 is made only if x1 is rejected.) There
are a number of cases to be considered.

Case 1A: x1 < x2 and (x1 + x2)/2 < 1/2 Which Voters reject x1 in the
first period? Voters who prefer x2 to x1 and Voters who prefer 0 to x1. The
former are Voters with types in [(x1 +x2)/2, 1/2]; the latter are Voters with
types in [0, x1/2]. Since x1 < x2, Voters in [0, x1/2] also reject x2 in the
second period so we only need to worry about Voters in [(x1 + x2)/2, 1/2].
Notice that proposing x2 to these Voters is not optimal – they would accept
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x1 + x2. So this is a contradiction; i.e. this case does not occur.

Case 1B: x1 < x2 and (x1 + x2)/2 ≥ 1/2 Which Voters reject x1 in the
first period? Voters who prefer x2 to x1 and Voters who prefer 0 to x1.
Because (x1 +x2)/2 ≥ 1/2 there are no Voters who prefer x2 to x1 so Voters
in [0, x1/2] reject x1 and Voters in (x1/2, 1/2] accept x1. In the second
period, all Voters in [0, x1/2] reject x2 so the Setter’s payoff comes entirely
from Voters who accept x1. Because the Setter is optimizing, this implies
x1 = z̄. Because x2 > x1 no Voters who reject x1 will accept x2, so y cannot
be optimal in the second period. So this is a contradiction; i.e. this case
does not occur.

Case 2: x1 > x2 Which Voters reject x1 in the first period? Voters who
prefer x2 to x1 and Voters who prefer 0 to x1; the latter are subsumed by
the former. Who prefers x2 to x1? All Voter types t > (x1 + x2)/2. But be
careful: there might not be any such Voters so more precisely the Voters who
prefer x2 to x1 are those for which t > min{1/2, (x1 + x2)/2} = b. However
since Setter optimization in 2nd period requires y = Z(b) and Z(b) ≥ b
(because f is weakly increasing) and x1 > x2 we must have b = 1/2. Hence
all Voters prefer x2 to x1 and so all Voters reject x1 and and we have x2 = z̄.

Case 3: x1 = x2 In this case the Setter’s payoff is just x1[1 − F (x1/2)];
the unique maximum of this expression occurs when x1 = z̄.

We have shown that Cases 1A, 1B do not occur, and that in both Cases
2 and 3 the first period proposal is x1 ≥ z̄, which is rejected by all Voter
types, and the second period proposal is x2 = z̄, which is accepted by Voter
types in (z̄/2, 1/2]. This is what was to be shown.

Proof of Theorem 8 We construct a parametrized family {σb : b ∈
[0, 1/2]} of strategies for the Setter and a single strategy τ for the Voter
and show that there is a value of the parameter b for which the pair σb, τ
has the desired characteristics. We then build on the ideas underlying this
construction to show that every Strong PBE has the asserted characteristics.

We begin with an observation. If the first period proposal is x and a
Voter of type t expects the second period proposal to be y < x, then the
Voter will accept x if t > (x+y)/2 and reject x if t < (x+y)/2 so b = (x+y)/2
is the cut-off for acceptance/rejection. Knowing this, the Setter will expect
that, after a rejection of x she is facing a Voter whose type is t ≤ b. If y is
the Setter’s optimal second period proposal then we must have y = Z(b), so
both x, y are defined by the cutoff b: x = 2b− Z(b) and y = Z(b) = 2b− x.
This observation suggests that it is convenient to parametrize strategies by
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the cutoff b.

Define the mapping X : [0, 1/2]→ [0, 1] by X(b) = 2b−Z(b). Note that
X(0) = 0 and X(1/2) = 1− z̄ > 1/2. Because f is locally slowly decreasing,
Z is a continuous function so X is also a continuous function and hence
assumes its maximum M . Moreover, since X is continuous it actually maps
the interval [0, 1/2] onto the interval [0,M ]. Note that X need not be one-
to-one so the inverse X−1 is a correspondence, not a function. However we
can construct a one-sided inverse to X by making a selection from X−1.
For our purpose, we want a particular selection: the one that maximizes the
Setter’s expected utility. To this end, for each x ∈ [0,M ] define

B(x) = argmax
{
x[1− F (b)] + Z(b)[F (b)− F (Z(b)/2)] : b ∈ X−1(x)

}
Because B(x) is a selection from X−1, this construction guarantees that
[x + Z(B(x))]/2 = B(x). That is: B(x) is the cut-off if the first period
proposal is x and the second period proposal is Z(B(x)).

We now define the desired family of strategies {σb : b ∈ [0, 1/2]}. Recall
that a strategy for the Setter consists of a first period proposal x1 and a
function σ2 that specifies the second period proposal that will be made if
the first period proposal is x and is rejected. For each b ∈ [0, 1/2] we define
σb = (xb1, σ

b
2) by

xb1 = X(b)

σb2(x) =

{
Z(B(x)) if x ≤M
z̄ if x > M

We define the strategy of the Voters by

τ1(t, x) =

{
Accept if t > B(x)

Reject if t ≤ B(x)

τ2(t, x̂, y) =

{
Accept if t > y/2

Reject if t ≤ y/2

Our construction guarantees that, for every b, τ is a best response to σb

at every one of the Voter’s decision nodes: In the second period, the Voter
is optimizing against the second period proposal y; in the first period the
Voter is optimizing between the first period proposal x and the second period
proposal Z(B(x)) that will be made if the current proposal is rejected.
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To analyze the Setter’s behavior we must construct posterior beliefs for
the Setter if x is proposed and rejected in the first period. Note that if the
Voter is following the strategy τ then the proposal x would be accepted by a
Voter of type t when t > B(x) and rejected otherwise. Hence the posterior
belief that the Voter’s type is the (normalized) restriction of f to the interval
[0, B(x)] is consistent with the Voter’s strategy – and is the only posterior
belief consistent with the Voter’s strategy. Given that posterior belief, it is
optimal for the Setter to propose Z(B(x)).

Notice that the Setter’s expected utility if she follows the strategy σb

and the Voter follows the strategy τ is:

EU(b) = X(b)[1− F (b)] + Z(b)[F (b)− F (Z(b)/2)] (8)

Because X,F,Z are all continuous functions, so is EU , so it attains its
maximum at some b∗ ∈ [0, 1/2]. We define σ∗ = σb

∗
.

We claim that EU(b∗) > π̄z̄ (the Setter’s one-shot expected utility). To
see this, choose any b̂ ∈ [0, 1/2] for which X(b̂) ∈ (z̄, 1/2). (We know that at
least one such b̂ exists because X maps [0, 1/2] onto [0,M ] and M ≥ 1/2.)
Because Z(b̂) is the Setter’s optimal proposal when facing Voter types in
[0, b̂] and Z(b̂) < Z(1/2) = z̄ it follows that

EU(b̂) = X(b̂)[1− F (b̂)] + Z(b̂)[F (b)− F (Z(b̂)/2)]

> z̄[1− F (b̂)] + z̄[F (b)− F (Z(b̂))/2]

> z̄[1− F (b̂)] + z̄[F (b)− F (z̄/2)]

= π̄z̄ (9)

By definition, EU attains its maximum at b∗ so EU(b∗) ≥ EU(b̂) > π̄z̄ as
claimed.

Now define σ∗ = σb
∗
. We assert that the pair σ∗, τ constitute a Strong

PBE. As already observed, given the strategy of the Setter, the strategy of
the Voter τ is optimal at every decision node of the Voter, and given the
strategy of the Voter, the strategy of the Setter is optimal at every decision
node in the second period, so it remains only to show that the Setter cannot
do better by deviating from σ∗ in the first period. To see this, consider a
first and second period proposals x̂, ŷ. Following the strategy τ the Voter
will accept x̂ when his type is t > B(x̂) = [x̂ + Z(B(x̂))]/2 and reject x̂
when his type is t < B(x̂) = [x̂ + Z(B(x̂))]/2. Hence in the second period,
following a rejection of x in the first period, the Setter will be facing Voters
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whose type is in the interval [0, B(x̂)]. It follows that the Setter’s expected
utility from proposing x̂ in the first period and ŷ in the second period is just

x̂[1− F (B(x̂))] + ŷ[F (B(x̂))− F (ŷ/2]

The second term is no greater than Z(B(x̂))[F (B(x̂)) − F (Z(B(x̂))/2)] so
the Setter’s expected utility is no greater than

x̂[1− F (B(x̂))] + Z(B(x̂))[F (B(x̂))− F (Z(B(x̂))/2)]

Write x̄ = X(B(x̂)). Our construction guarantees that

x̄[1− F (B(x̄))] + Z(B(x̄))[F (B(x̄))− F (Z(B(x̄))/2)] ≥
x̂[1− F (B(x̂))] + Z(B(x̂))[F (B(x̂))− F (Z(B(x̂))/2)]

By definition, the left side of this inequality is maximized when x̄ = X(b∗)
and the maximum is the Setter’s expected utility from following σ∗, so we
conclude that Setter’s expected utility from deviating to x̃, ỹ does not con-
stitute a profitable deviation. Hence σ∗, τ constitute a Strong PBE.

Finally, we need to show every Strong PBE has the characteristics as-
serted. We show first that if σ̄, τ̄ constitute a Strong PBE then learning
must take place along the equilibrium path. To show this, suppose to the
contrary that no learning takes place along the equilibrium path. Let x̄, ȳ be
the first and second period proposals along the equilibrium path. No learn-
ing means that, along the equilibrium path, the Setter’s posterior belief is
the same as her prior belief. Given the restriction that the Setter’s posterior
belief must be consistent with the strategy of the Voter, this can only be the
case if either all Voter types accept x̄ or no Voter types accept x̄. The first
alternative is untenable because the only proposal that would be acceptable
to all Voter types is 0, and that is clearly not optimal for the Setter. Hence
it must be that no Voters accept x̄, so that the second period proposal ȳ
must be optimal against the original distribution f ; i.e. ȳ = z̄. Because the
first period proposal is rejected, the Setter’s expected utility must be π̄z̄.

We obtain a contradiction by showing that the Setter has a profitable
deviation; indeed the Setter can profitably deviate by proposing any x̃ ∈
(z̄, 1/2] in the first period and the appropriate amount in the second period.
To see this, notice that if x̃ were proposed in the first period and rejected
then (because σ̄ is part of a Strong PBE), the Voter would expect the sec-
ond period proposal to be ỹ = σ̄2(x̃). We claim first, that the equilibrium
conditions force ỹ < x̃ and second, that this guarantees that the Setter has
a profitable deviation.
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To establish the first claim we rule out the alternative rankings ỹ > x̃
and ỹ = x̃. Suppose first therefore that ỹ > x̃. In this case, Voter types in
[0, x̃/2)∪ ((x̃+ ỹ)/2, 1/2] would reject x̃ and Voter types in (x̃/2, (x̃+ ỹ)/2)
would accept x̃, so Strong PBE requires that ỹ must be optimal facing the
former set of Voter types. Since ỹ > x̃ and hence ỹ/2 > x̃/2, all Voter types
in [0, x̃/2] will reject ỹ. However, all Voter types in [(x̃ + ỹ)/2, 1/2] would
accept (x̃ + ỹ), so optimality of ỹ means that that ỹ ≥ (x̃ + ỹ), which is
absurd. Hence this ranking is impossible.

Now suppose that ỹ = x̃. Because Voters follow a pure strategy and do
not randomize, there is a subset E ⊂ [0, 1/2] of Voter types who accept x̃ in
the first period; Voters in the complementary set E′ = [0, 1/2] \ E reject x̃
in the first period. Because we are in a Strong PBE, the Setter’s posterior
belief in the second period must be consistent with the Voter’s strategy, so
the Setter must believe Voter types are precisely those in E′; i.e. the Setter’s
posterior must be the normalization of the restriction of f to E′. Because
ỹ = x̃, all Voter types are indifferent between the first and second period
proposals, but Voter types in [0, x̃/2) strictly prefer the status quo to either
x̃ or ỹ and hence reject x̃ in the first period, so E′ ⊃ [0, x̃/2). For each z ≤ 1
write Ez = [z/2, 1/2] ∩ E′. Because the Setter’s second period proposal
must be optimal given her posterior beliefs, this means that the quantity

z
[∫
Ez
f(t) dt

]
is maximized by setting z = ỹ. If z < x̃ then z/2 < x̃/2 so

E ⊂ [x̃/2, 1/2] and we can write

z

[∫
Ez

f(t) dt

]
= z[1− F (z/2)]− z

[∫
E
f(t) dt

]
The first term on the right-hand side is strictly concave in z and assumes
its unique maximum when z = z̄ < x̃ = ỹ and the second term on the
right-hand side is linear in z, so the entire expression is decreasing in the
interval (z̄, ỹ). Hence

z̄
[
1− F (z̄/2)

]
− z̄

[∫
E
f(t) dt

]
> ỹ
[
1− F (ỹ/2)

]
− ỹ

[∫
E
f(t) dt

]
But this means that ỹ is not optimal given the posterior beliefs of the Setter.
We have reached a contradiction so this ranking is also impossible.

Having ruled out the other two rankings, we conclude that ỹ < x̃. Be-
cause the Voter is optimizing at every decision node, Voters whose type is
in ((x̃ + ỹ)/2, 1/2] will accept x̃ and Voters whose type is in [0, (x̃ + ỹ)/2))
will reject x̃. Hence if the Setter proposal Z((x̃+ ỹ)/2) in the second period
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her total expected utility will be

x̃
[
1− F ((x̃+ ȳ)/2)

]
+ Z((x̃+ ỹ)/2)

[
F ((x̃+ ȳ)/2))− F (Z((x̃+ ỹ)/2)/2)

]
The previous calculation (9) shows that this is greater than π̄z̄, so proposing
x̃ in the first period followed by Z((x̃+ ȳ)/2) in the second period would be
a profitable deviation for the Setter. This is a contradiction, so we conclude
that learning occurs in every Strong PBE.

If x1, x2 are the equilibrium first and second period proposals, then –
because the Voters correctly forecast the second period proposal – the same
argument as above shows that x1 > x2. If x1 > z̄ the computation (9) shows
that the Setter’s expected utility is strictly greater than π̄z̄. If x1 < z̄ the
argument above shows that the Setter has a profitable deviation: propose
any x̃ ∈ (z̄, 1/2] and ỹ = σ̄2(x̃) in the second period if x̃ is rejected in the
first period. Finally, because learning occurs, the Setter’s posterior beliefs
following a first period rejection must be that the Voter’s type lies in [0, b] for
some b < 1/2. Since ȳ must be optimal given the Setter’s posterior beliefs,
it must be that x2 = Z(b) < Z(1/2) = z̄. This completes the proof.

Note that the equilibrium proposals x1, x2 need not be unique because
there may be more than one optimal choice of b∗, and different choices of b∗

would yield different equilibrium proposals x1, x2. However, since all optimal
choices of b∗ yield the Setter the same expected utility, the Setter’s equilib-
rium expected utility must be the same across all equilibrium proposals. Put
differently, the Setter is indifferent to the choice of equilibrium proposals. Of
course the Voters are not indifferent to the choice of equilibrium proposals.

Proof of Proposition 8 Recall that if the Setter proposes x in the first
period and z̄ in the second period then expected utility is

W2(x) = x[1− F (ν(x))] + F (ν(x))π̄z̄

The first, second, third derivatives are:

W ′2(x) = 1− F (ν(x))− xf(ν(x))ν ′(x) + π̄z̄f(ν(x))ν ′(x)

= 1− F (ν(x))− (x− π̄z̄)f(ν(x))ν ′(x)x

W ′′2 (x) = −2f(ν(x))ν ′(x)− (x− π̄z̄)f ′(ν(x))ν ′(x)2 − (x− π̄z̄)f(ν(x))ν ′′(x)

W ′′′2 (x) = −3f(ν(x))ν ′′(x)− (x− π̄z̄)f(ν(x))ν ′′′(x)

− 3f ′(ν(x))ν ′(x)2 − 3(x− π̄z̄)f ′(ν(x))ν ′(x)ν ′′(x)

− (x− π̄z̄)f ′′(ν(x))ν ′(x)3 (10)
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The proof rests on a calculation demonstrating that W ′′′2 has at most one
zero.1 Because the calculation is long and unenlightening we first show how
the desired result follows from this fact.

Assume therefore that W ′′′2 has at most one zero. Because there is a
zero of W ′′′2 between every pair of zeroes of W ′′2 and a zero of W ′′2 between
every pair of zeroes of W ′2 it follows that W ′2 has at most three zeroes. We
want to determine the location of these zeroes. Because f is decreasing,
Theorem 4 guarantees that W2 has a local maximum at z̄; that accounts for
one zero. Recall that the optimal first period proposal must be at least π̄z̄
and that ν(π̄z̄) = 0. Because f(t) = w2wtw−1, it is evident that W ′2(x) < 0
for x in some interval (π̄z̄, π̄z̄ + ε), so W2 is decreasing in that interval.
Since W2 has a local maximum at z̄, it must be increasing in some interval
(z̄−ε′, z̄). Between the first interval, where W2 is decreasing, and the second
interval, where W2 is increasing, W2 must have a local minimum at some
point x0 ∈ (π̄z̄, z̄). We have identified a local minimum of W2 at x0 and
a local maximum at z̄; this accounts for two zeroes of W ′2. Because every
continuous function attains a local minimum between every pair of local
maxima and W2 is decreasing in the interval (π̄z̄, ε) the third zero – if there
is one – cannot be a point at which W2 has a local maximum.2 Hence W2 has
a unique interior local maximum at z̄. We have shown in Theorem 4 that
the global maximum of W2 – the optimal first period proposal – cannot be
greater than z̄ so we conclude that there are only three possibilities: either
W2 attains its unique global maximum at z̄, or W2 attains its unique global
maximum at

√
π̄z̄, or W2 attains its global maximum at both of these points.

We have already noted that W2(z̄) = (2−π̄)π̄z̄ and that W2(
√
π̄z̄) =

√
π̄z̄, so

these three cases correspond to (2−π̄)π̄ >
√
π̄, (2−π̄)π̄ <

√
π̄, (2−π̄)π̄ =

√
π̄,

respectively. We have calculated previously calculated that (2− π̄)π̄ =
√
π̄

exactly when π̄ = (3−
√

5)/2 and that, for the distribution f(t) = w2wtw−1,
π̄ = w/(1 + w) so (2− π̄)π̄ =

√
π̄ exactly when

w

1 + w
=

3−
√

5

2

Solving yields w = (−1 +
√

5)/2. This is the desired result.

1In fact, W ′′′2 does have one zero – as can be seen by calculating that W ′′′2 (
√
π̄z̄) and

W ′′′2 (z) have opposite signs – hence exactly one zero, but since we shall not need that fact
we leave the straightforward but messy computation to the interested reader.

2If W ′2 does have a third zero, and that zero is to the right of z̄, W2 might have a local
minimum there; if that zero is to the left of z̄, W2 will have neither a local minimum or a
local maximum there.
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It remains to show that W ′′′2 has at most one zero. To this end, we will
show that W ′′′2 can be written as a product W ′′′2 = GH, where: G is strictly
positive – and hence has no zeroes – and H is strictly increasing – and hence
has at most one zero. We proceed in steps.

The first step is to show that 3f(ν(x))ν ′′(x)−(x− π̄z̄)f(ν(x))ν ′′′(x) = 0.
To see this recall that

ν ′′(x) = − π̄(1− π̄)z̄

(x− π̄z̄)3

so that

ν ′′′(x) = 3

[
π̄(1− π̄)z̄

(x− π̄z̄)4

]
Multiplying by (x− π̄z̄) cancels one of the factors in the denominator so the
assertion follows.

The second step is to derive the decomposition. Direct calculation shows
that

f ′(t) = w(w − 1)2wtw−2

f ′′(t) = w(w − 1)(w − 2)2wtw−3

so that f ′(ν(x)) = ν(x)f ′′(ν(x))/(w− 2). Substituting into (10) and factor-
ing yields

W ′′′2 =

{
− f ′′(ν(x))

w − 2

}{
3ν(x)

[
ν ′(x) + (x− π̄z̄)ν ′′(x)

]
+ (w − 2)(x− π̄z̄)ν ′(x)2

}
(11)

Set

G(x) = −f ′′(ν(x))/(w − 2)

P (x) = 3ν(x)
[
ν ′(x) + 3(x− π̄z̄)ν ′′(x)

]
Q(x) = (x− π̄z̄)ν ′(x)2

H(x) = P (x) + (w − 2)Q(x)

W ′′′2 = G(x)H(x) is the desired decomposition. Note that w < 1 and that
f ′′(ν(x)) > 0 for all x >

√
π̄z̄ and so G(x) > 0 for all x >

√
π̄z̄; in particular,

G is non-vanishing. This completes the second step.
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The third step is to show that H ′(x) > 0; this is a direct computation. To
ease the computational burden it will be easier to compute P ′, Q′ separately.
Note first that

P (x) = 3ν(x)
[
ν ′(x) + (x− z̄)ν ′′(x)

]
= 3ν(x)

[
1

2
+
π̄(1− π̄)z2

2(x− π̄z̄)2
− π̄(1− π̄)z2

(x− π̄z̄)2

]
=

3

2
ν(x)

[
1− π̄(1− π̄)z2

(x− π̄z̄)2

]
Direct calculation shows that

P ′(x) =
3

2

[
1− π̄(1− π̄)z2

(x− π̄z̄)2

] [
1− π̄(1− π̄)z2

(x− π̄z̄)2

]
+

3

2
ν(x)

[
2π̄(1− π̄)z2

(x− π̄z̄)2

]
=

3

4

{
1−

[
π̄(1− π̄)z2

(x− π̄z̄)2

]2}

+
3

2

[
x2 − π̄z̄2

x− π̄z̄

] [
2π̄(1− π̄)z2

(x− π̄z̄)2

]
=

3

4
− 3

4

[
π̄(1− π̄)z2

(x− π̄z̄)2

]2
+

3

2

[
(x2 − π̄z̄2)π̄(1− π̄)z2

x− π̄z̄)4

]
Q′(x) = ν ′(x)2 + 2(x− π̄z̄)ν ′(x)ν ′′(x)

=
1

4

[
1 +

π̄(1− π̄)z2

(x− π̄z̄)2

]2
−
[
1 +

π̄(1− π̄)z2

(x− π̄z̄)2

] [
π̄(1− π̄)z2

(x− π̄z̄)2

]
=

{
1 +

π̄(1− π̄)z2

(x− π̄z̄)2

}{
1

4

[
1 +

π̄(1− π̄)z2

(x− π̄z̄)2

]
− π̄(1− π̄)z2

(x− π̄z̄)2

}
=

{
1 +

π̄(1− π̄)z2

(x− π̄z̄)2

}{
1

4
− 3

4

[
π̄(1− π̄)z2

(x− π̄z̄)2

]}
=

1

4
− 1

2

[
π̄(1− π̄)z2

(x− π̄z̄)2

]
− 3

4

[
π̄(1− π̄)z2

(x− π̄z̄)2

]2
(w − 2)Q′(x) =

w − 2

4
− w − 2

2

[
π̄(1− π̄)z2

(x− π̄z̄)2

]
− 3(w − 2)

4

[
π̄(1− π̄)z2

(x− π̄z̄)2

]2
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Now add and gather similar terms:

H ′(x) = P ′(x) + (w − 2)Q′(x)

=

(
3

4

)
+

(
w − 2

4

)
−
(

3

4

)[
π̄(1− π̄)z2

(x− π̄z̄)2

]2
−
[

3(w − 2)

4

] [
π̄(1− π̄)z2

(x− π̄z̄)2

]2
+

(
3

2

)[
(x2 − π̄z̄2)π̄(1− π̄)z2

(x− π̄z̄)4

]
−
(
w − 2

2

)[
π̄(1− π̄)z2

(x− π̄z̄)2

]2
=

(
1 + w

4

)
+

(
3− 3w

4

)[
π̄(1− π̄)z2

(x− π̄z̄)2

]2
+

(
3

2

)[
(x2 − π̄z̄2)π̄(1− π̄)z2

(x− π̄z̄)4

]
+

(
2− w
w

)[
π̄(1− π̄)z2

(x− π̄z̄)2

]2
Recall that 0 < w < 1, so every term in this last expression is positive.
Hence H ′(x) > 0 as desired, so H is strictly increasing and hence as at most
one zero. Since G(x) is strictly positive, W ′′′2 (x) = G(x)H(x) has at most
one zero, as asserted.
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Appendix B: Multiple Optimal Proposals

Here we give the promised example of a decreasing density f for which the
optimal one-period proposal is not unique.

Define the cdf F as follows:

F (t) =


4t if 0 ≤ t < 1/8

1− 1
16t if 1/8 ≤ t ≤ 1/4

3
4 +

(
t− 1

4

)
if 1/4 < t ≤ 1/2

The pdf f is

t(t) =


4 if 0 ≤ t ≤ 1/8

1
16t2

if 1/8 < t < 1/4

1 if 1/4 ≤ t ≤ 1/2

Let’s see what the Setter’s optimal proposal should be. f is weakly de-
creasing so all optimal proposals are in the interval [0, 1/2]. If the Setter
proposes x ∈ [1/4, 1/2] it will be accepted by Voter types in [x/2, 1/2] and
yield expected utility

EU(x) = x[1− F (x/2)]

= x[1/16(x/2)]

= 1/8

If the Setter proposes x ≤ 1/4 it will yield expected utility x[1− F (x/2)] =
x[1 − 2x]. This is uniquely maximized when x = 1/4 and the maximum is
1/8. Hence every proposal in the interval [1/4, 1/2] yields the same optimal
utility and Z(1/2) = [1/4, 1/2]. Notice that f is very badly not slowly
decreasing in the interval [1/8, 1/4], which is where all the action is.

The density f defined above is weakly but not strictly decreasing and
is continuous but not differentiable. However, it can be easily modified to
become strictly decreasing and smooth. We omit the messy details.

56


